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Abstract

By Sylow’s theorem, the number of Sylow p-subgroups of a finite group is congruent to 1 modulo p,
but not every such integer occurs. Frobenius extended the congruence to the number of subgroups
of order p® for every a > 0. Kulakoff and Hall showed that this number is congruent to 1 or 1+ p
modulo p? whenever p®*! divides the group order. A positive integer is a Frobenius p-number if it is
the number of subgroups of order p® of some finite group for some a. There are integers congruent
to 1 modulo p? which are not Frobenius p-numbers, and it remained open whether there are also
such integers congruent to 1+ p modulo p?. We show that no finite group has exactly 106 subgroups
of order 5 for any a > 0.
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1 Introduction

For a finite group G, a prime p and an integer a > 0, let S,(G) be the set of subgroups of order p® of G
and sq(G) :=|Sa(G)|. A positive integer n is a Frobenius p-number if n = s,(G) for some finite group
G and some a > 0. By Frobenius’ theorem, s,(G) = 1 (mod p) whenever p® divides |G|, and by the
theorem of Kulakoff and Hall, s,(G) is congruent to 1 or 1 + p modulo p? whenever p®*! divides |G|
(see [Proposition 2.1 below). Following [10], an integer n congruent to 1 or 1+ p modulo p? is called a
pseudo Frobenius p-number if it is not a Frobenius p-number. This continues the study of pseudo Sylow
p-numbers, that is, integers n = 1 (mod p) which are not the number of Sylow p-subgroups of any
finite group. By a result of M. Hall [6], such numbers exist for every odd prime p, and an elementary
proof that 35 is a pseudo Sylow 17-number was given by the author [II]. In [I0] it was shown that
every Frobenius p-number n = 1 (mod p?) is a Sylow p-number, and that 46 is a pseudo Frobenius
3-number. We call an integer n = 1 + p (mod p?) which is not a Frobenius p-number a strong pseudo
Frobenius p-number. In [10] it was left open whether strong pseudo Frobenius numbers exist (see also
the master’s thesis of Blaas [3]).

Theorem A. No finite group has exactly 106 subgroups of order 5¢ for any a > 0, i. e., 106 is a strong
pseudo Frobenius 5-number.

Corollary B. The integer 106 is the smallest strong pseudo Frobenius p-number, where p runs through
all primes.
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Zhang—Qu [12, Conjecture B| conjectured for p-groups P with p > 2 that s,(P) is congruent to 1 or
14-p-+kp? modulo p? for some 0 < k < 3. Since 106 = 14+5+4-5? = 145-21, this would imply Theorem A
for 5-groups. The number 21 plays a role for arbitrary groups, since s1(Cs x H) = 1 + 5|Syl5(H)| for
every group H with a Sylow 5-subgroup of order 5, and 21 is not a Sylow 5-number.

Compared to the previous papers [I1], [10], the proof of Theorem A is more sophisticated this time.
We consider a minimal counterexample GG. Using the classification of primitive groups of low degree
(ultimately relying on the CFSG), we show in that G must be a 5-group. In we
prove further that G is a two-generator group of order at most 5°, and these groups are excluded by a
computer search. The computations are collected in and the GAP code is attached to this
pdf.

2 Preliminaries

Throughout, p is a prime and all groups are finite.

Proposition 2.1. Let P be a Sylow p-subgroup of G with |P| = p"™ and let 0 < a < n.
(a) sq4(G) =1 (mod p).

() Ifp>2and1 <a<n-—1, then 5,(G) =1 (mod p?) if P is cyclic and 5,(G) =1 +p (mod p?)
otherwise.

Proof. See [7, (4.12), Lemma 4.61 and Theorem 4.6]. O

Lemma 2.2. Let N be a normal subgroup of a p-group G with 1 < N < G. Then the number of
complements of N in G is divisible by p.

Proof. Suppose the contrary. Since G acts on the set of complements of N by conjugation, some
complement K is normal in G, and G = N x K. Let H be a complement of N. For k € K, the
coset kN contains exactly one element of H, which we write as kp(k) with ¢(k) € N. Since N and
K commute, ¢: K — N is a homomorphism. Conversely, {kp(k) : k € K} is a complement of N for
every homomorphism ¢: K — N. Hence the number of complements of N is |[Hom (K, N)|. The group
N acts on Hom(K, N) by conjugation, and the fixed points are the homomorphisms K — Z(N). They
form the group Hom(K,Z(N)), which is a nontrivial p-group, since K # 1 has a quotient of order
p and Z(N) # 1 has an element of order p. Hence |Hom(K, N)| = |Hom(K,Z(N))| = 0 (mod p), a
contradiction. O

Lemma 2.3. Let N be a normal subgroup of a p-group Y with N <Y, and let b > 0. Then the number
of subgroups Q <Y of order p® with QN =Y and N % Q is divisible by p.

Proof. Fix A < N and let @4 be the set of these subgroups @ with Q@ N N = A. We may assume
that Q4 # @. Every Q € Q4 normalizes A = QN N, so Q lies in U := Ny (A) and UN =Y. Let
D :=UNN = Ny(A). Since A < N, the normalizer condition gives A < D. For Q) € Q4, the group Q/A
is a complement of D/A in U/A. Conversely, if H/A is a complement of D/A in U/A, then HNN = A,
HN = HDN = UN =Y and |H| = |A||U : D| = |Q|. Hence, @ — Q/A is a bijection between Q4
and the set of complements of D/A in U/A. Since A < D and (U/A)/(D/A) = U/D = Y/N # 1,
yields |Q4] =0 (mod p). Summing over A proves the claim. O



Lemma 2.4. No finite group has exactly 106 Sylow 5-subgroups.

Proof. Suppose that G is a group of minimal order with exactly 106 Sylow 5-subgroups. Let K be the
kernel of the conjugation action of G on Syls(G). For P € Syls(G) we have PK < Ng(P), so P is
the only Sylow 5-subgroup of PK. Hence P — PK/K is a bijection Syls(G) — Syl;(G/K), and the
minimality of G yields K = 1. If Ng(P) < M < G, then |Syls(M)| = |M : Ng(P)] is a divisor of
106 = 2-53 congruent to 1 modulo 5. Hence M = G, and G is a primitive permutation group of degree
106 whose point stabilizer N (P) has a nontrivial normal 5-subgroup. By [4, Appendix B, Table B.4],
the only primitive groups of degree 106 are A1ps and S1g6, and their point stabilizers have no nontrivial
normal 5-subgroup (see also [3, Theorem 2.13|). O

Definition 2.5. From now on, p = 5. A group G is critical if s,(G) = 106 for some a > 0, and G
has minimal order among all groups with this property. For a critical group G, we fix such an a and a
Sylow 5-subgroup P of G, and we write |P| = 5.
Lemma 2.6. Let G be critical. Then the following hold:

(a) 1 <a<n-—1, P is not cyclic and s,(P) € {6,31,56,81,106}.

(b) G = (Su(@)). In particular, 0% (G) = G.

(c) The intersection of all members of Su(G) is trivial.
Proof.  (a) Since so(G) = 1 and s,(G) # 0, we have 1 < a < n. If a = n, then s,(G) is the

number of Sylow 5-subgroups of G, which contradicts [Lemma 2.4} Since 106 = 1 + 5 (mod 25),

[Proposition 2.1(b)| shows that P is not cyclic. Applying [Proposition 2.1[b)| to P gives s,(P) = 6
(mod 25), and s,(P) < 106 holds since Sg(P) C Sa(G).

(b) The subgroup H = (S,(G)) satisfies S,(H) = S.(G), so H = G. Since 0% (G) contains all
5-subgroups, it contains H.

(c) Since S, (G) is closed under conjugation, the intersection D of its members is a normal 5-subgroup
of G, say of order 5*. Every subgroup of order 5% of G/D is of the form Q/D for a subgroup
@ < G of order 5% containing D. Since every @ € S,(G) contains D, the map @ — Q/D
is a bijection Sg(G) — Su—x(G/D). Hence s,_;(G/D) = 106, and the minimality of G yields
D=1. O

Lemma 2.7. Let X be a 5-group, b > 1 and K < H < X such that H/K has exponent 5, |K| < 5°
and |H| > 5°+3. Then s,(X) > 156.

Proof. Since |K| < 57! and the 5-group H/K has normal subgroups of every order dividing |H /K],
there exists L < H with K < L and |L| = 5°7!. Since |H| > 53, there exists M < H with L < M
and |M| = 53, Then L < M, and M/L has order 5* and exponent 5, since M/L is a quotient of
M/K < H/K. Every nontrivial element of M /L has order 5, and each subgroup of order 5 contains
exactly four of them. Hence M /L has exactly (5* — 1)/4 = 156 subgroups of order 5. Their preimages
in M are 156 distinct subgroups of X of order 5°. O



3 Arbitrary groups

In this section, G is a critical group which is not a 5-group. By|Lemma 2.6(a)} s, (P) € {6, 31,56, 81,106},
and sq(P) # 106 by the minimality of G, since P < G. Let M35 be the set of positive integers which

are products of prime powers congruent to 1 modulo 5.

Lemma 3.1. Let N be a normal 5'-subgroup of G and Q € S,(G). Then the subgroups X € Sq(Q)
with XN = QN are exactly the conjugates Q* with x € N, and their number |N : Cn(Q)| lies in Ms.

Proof. Every X € S,(G) with XN = QN is a complement of N in QN. By the Schur—Zassenhaus
theorem [8, Theorem 3.12], X = QY for some y € QN, and we may choose y € N. Hence, the number
of these subgroups is |N : Ny (Q)|. Since [Ny (Q),Q] < NN Q =1, we have Ny(Q) = Cn(Q).

Let g be a prime and let S be a Q-invariant Sylow g-subgroup of N (see [8, Theorem 3.23(a)]). By
[8, Lemma 3.32], Cs(Q) is a Sylow g-subgroup of Cx(Q). Therefore, the ¢g-part of |N : Cn(Q)] is
|S : Cs(@)]. The nontrivial @Q-orbits on S have length divisible by 5, so |S| = |Cs(Q)| (mod 5). Since
|Cs(Q)| is coprime to 5, this means |S : Cg(Q)| =1 (mod 5). O

Proposition 3.2. We have O5(G) = 1.

Proof. Suppose that N := O5(G) # 1 and let G := G/N. For Q € S,(G) we write Q@ = QN/N. The
map Q — Q is a surjection S,(G) — S,(G). By the preimage of @ under this map has
size i := [N : Cn(Q)] € M5. Hence

106= Y tx. (3.1)

XeSq.(G)

Since P = P, |Proposition 2.1/ implies 5 := 5,(G) = 6 (mod 25). Moreover, 3 < 106 by (3.1)), and
S # 106 by the minimality of G. Hence s € {6, 31, 56,81}.

Let C := Cg(N) < G. Clearly, tg =11if and only if @ < C. If Q < C,then Q < CN and Q < C,
because CN/C is a 5'-group. Therefore, the set T := {X € S,(G) : tx > 1} is equal to Sy (G) \ S4(C).

Since 5 < 106, (3.1) shows 7 # @. The prime powers up to 106 which are congruent to 1 modulo 5
are 11,16,31,41,61,71,81,101, and the product of any two of them exceeds 106. Hence

MsN{1,...,106} = {1,11,16,31,41,61, 71,81, 101}. (3.2)
In particular, every ¢t € M5 \ {1} with ¢t < 106 satisfies ¢ > 11 and ¢t =1 (mod 5). Thus (3.1]) gives

106 -5 =Y (tx —1) > 10/T]. (3.3)
XeT

By [Proposition 2.1j(a)}, s,(C) is 0 or congruent to 1 modulo 5. Hence, |7| =5 or |T| =0 (mod 5).

Suppose first that 5 # 6. Then excludes |T| = s, so |T| > 5 and forces |7| = 5 and
s € {31,56}. Consequently, s,(C') =35 —5 € {26,51} is congruent to 1 modulo 25. Let S:= PNC €
Syl;(C). By [Proposition 2.1j(b)|applied to C, either S is cyclic or [S| = 5%. In both cases S has exactly
one subgroup Xy of order 5%. Since S,(P) N S,(C) = S,(S) = {Xo}, we obtain S,(P) \ {Xo} C T.
As 84(P) > 6 and |T| = 5, it follows that s,(P) = 6 and T = S,(P) \ {Xo}. Since C < G, the set
T is invariant under conjugation in G. For g € G we obtain 7 = T9 C S,(P?). Thus, every member
of T lies in every Sylow 5-subgroup of G, that is, in O5(G). Now 5 < 5,(05(G)) < 54(P) = 6 and




IProposition 2.1(a)| yield S,(05(G)) = S,(P). By conjugation, S,(P?) = S,(05(G)) for all g € G. Since
every 5-subgroup lies in a Sylow 5-subgroup, this gives 5 = 6, a contradiction.

Hence 5 = 6 = 5,(P). As before, S,(G) = S4(P) = S,(05(G)). The preimage of O5(G) contains every
element of S,(G), and [Lemma 2.6(b)| implies that G is a 5-group. Thus G = N x P, s,(P) = 6, and
we can identify S,(G) with S,(P), so that tx = [N : Cy(X)| for X € S,(P). Moreover txq = tx for
g € P. Since P acts on S,(P) by conjugation, the number of members of Sp(P) which are normal in
Pis1or6.

Suppose that exactly one Xy € Sy(P) is normal in P. Then the other five subgroups Xi,..., X5 are
conjugate in P, and becomes 106 = tx, + 5t with ¢ :=tx, € Ms. By , t € {1,11,16} and
tx, € {101,51,26}. Since 51,26 ¢ M5, we have ¢t = 1, that is, X1,..., X5 are contained in K :=
Cp(N) Q P. Then s,(K) > 5 and |Proposition 2.1f(a)| gives Xo < K. Hence tx, = [N : Cn(Xo)| =1, a
contradiction.

Therefore, all six members of S,(P) are normal in P. Let ¢ be a prime divisor of |[N| and let S, be
a P-invariant Sylow g¢-subgroup of N (see [8, Theorem 3.23(a)]). For X € S,(P), the group S, is
X-invariant, so Cg, (X) is a Sylow g-subgroup of Cn(X) by [8, Lemma 3.32|, and the g-part of tx is
’Sq : qu(X)|.

Choose a series 1 = Uy < Uy < ... < Uy = S, of P-invariant normal subgroups of S, which cannot
be refined. Each factor V; := U;/U;_ is a chief factor of S, P, hence an elementary abelian g-group on
which S, acts trivially, and V; is an irreducible FyP-module. By [8, Corollary 3.28|, |U; : Cy,(X)| =
Vi : Cyi(X)| - Ui : Cu,_y (X)], s0

k
Sy : Cs, (X HV Cy. (X
=1

Since X <P, Cy;(X) is a submodule of V;, so Cy; (X) € {0, V} Let V be the family of all these factors
for all prime divisors ¢ of [N|. For V € V let Ay :={X € §,(P) : X £ Cp(V)}. We have shown that

tx=[[ VI (X €SuP)).
Xedy
If Ay # @, then some €
IProposition 2.1j(a)l sa(Cp( )
|V| with |Ay| = 6, and for X €
c,mx € Ms and

So(P) acts fixed point freely on V' \ {0} and |V| = 1 (mod 5). By
€ {0,1,6} and therefore |Ay| € {6,5,0}. Let ¢ be the product of the
Sa(P) let mx be the product of the |V| with Ay = Sq(P)\ {X}. Then

106= Y tx=c Y ][] m
XeSa(P) XeSa(P )Y £X
Since ¢ € M5 divides 106 = 2 - 53, we have ¢ = 1. If mx > 1 and my > 1 for some X # Y, then
tz > mxmy > 121 for every Z € S,(P) \ {X,Y}, which is impossible. If mx = 1 for all X, then
106 = 6. Hence, there is exactly one X with m := myx > 1, and 106 = 1 + 5m. But m = 21 ¢ M5, a
contradiction. O

Lemma 3.3. Let R := O5(G) and G := G/R. For a nontrivial 5-subgroup X of G with preimage Y,
let f(X) be the number of Q € S(&G) with QR =Y and R £ Q. Then f(X) is divisible by 5, and f is

constant on conjugacy classes of G.

Proof. Every Q € S,(G) with QR =Y lies in the 5-group Y, and R <Y since X # 1. Hence the first
claim follows from [Cemma 2.3l The second claim is clear. O



Proposition 3.4. We have O5(G) = 1.

Proof. Let R, G and f be as in and let |R| = 5". Then O5(G) = 1, and G is generated by its
5-elements by [Lemma 2.6(b)} Suppose that R # 1. We partition S,(G) into the sets A := {Q : Q < R},

B:={Q:R < Q}andC:=85,(G)\ (AUB). Then |A| = s4(R), |B| = sq—r(G) ifa >r,B=2ifa <r,
and A = @ if a > r. Moreover, |C| = >« f(X), where X runs through the nontrivial 5-subgroups of
G. If C = @, then either S,(G) = A and G = (S,(G)) < R, or S,(G) = B and R lies in the intersection
of all members of S,(G). Both contradict Hence C # @. Since AU B # @ (if a > r, then
597" divides |G]), we have |C| < 105.

Let € be a conjugacy class of G consisting of 5-subgroups X with f(X) > 0. By , |€]-5 <
|C| <105, so |€| < 21. Let T be the permutation group induced by G on € by conjugation. Then T is
transitive and generated by its 5-elements, and the image X of X € € in T is a normal 5-subgroup of
the stabilizer of X. If X = 1, then X normalizes all members of ¢, so any two members of € normalize
each other and (€) is a normal 5-subgroup of G. Since O5(G) = 1, this is impossible. Hence T is a
transitive group of degree |€| < 21, generated by its 5-elements, whose point stabilizers have a nontrivial
normal 5-subgroup. By the library of transitive groups in GAP, |€| € {6,11,12,16} (see |Section 5(1)).
Summing over all such classes and using[Lemma 3.3] we obtain |C| = 5k with k € {6z+11y+122+16w :
x,y,z,w > 0} and 1 < k < 21. The only possibilities are k& € {6,11,12,16,17, 18}, so

IC| € {30,55,60,80,85,90} and |AUB|=106—|C| € {76,51,46,26,21,16}.

If @ <r, then |A| = s4(R) is 1 or congruent to 6 modulo 25 by [Proposition 2.1| since R is a 5-group.
None of the numbers above has this property.

Hence a > 7, and t := s,_.(G) € {76,51,46,26,21,16}. Every Q € C satisfies |QR/R| = 5%/|Q N R| >
5977 since @ N R < R. Therefore, the Sylow 5-subgroup P of G has order larger than 5%~". By
IProposition 2.1{(b)} ¢ is congruent to 1 or 6 modulo 25, and ¢t = 1 (mod 25) only if P is cyclic. This
leaves t € {76,51,26} and P cyclic. Let X = QR/R for some Q € C, and let |X| = 5¢ > 52", Since P
is cyclic, the subgroups of order 5¢ of G form a single conjugacy class €, and every subgroup of order
5%7" is contained in one of them. Each member of € contains exactly one subgroup of order 57", so
|€| > ¢ > 26. This contradicts |€] < 21. O

Lemma 3.5. Let L be a nonabelian simple group.

(a) If L has a nontrivial 5-subgroup Y with |L : Np(Y)| < 106, then L is isomorphic to As, Ag,
PSL(2,11), PSL(2,25) or PSL(3,5).

(b) If X is a nontrivial 5-subgroup of Aut(L) with X NInn(L) = 1, then |L : Cr(X)| > 106.

Proof. In both cases we may assume that L has a proper subgroup of index at most 106. Then L has

a maximal subgroup of index at most 106, and L is a primitive permutation group of degree at most
106.

(a) For the simple primitive groups of degree at most 106 other than A,, with m > 25, the claim
was verified with GAP (see [Section H(2)|). It remains to consider L = A,, with 25 < m < 106.
Then |L : N(Y)| < 106 < (}'). By [, Theorem 5.2A] with r = 2, either N1 (Y) contains the
stabilizer A,,—1 of a point, or m is even and N (Y) stabilizes a partition into two blocks of
size m/2 (the exceptional cases of that theorem have degree at most 9). In the second case,
|L: Np(Y)| > %(m”}’z) > 106. Hence A,,—1 < Np(Y) < L. Since A,,_1 is maximal and simple,
No(Y)=A,-1,Y <A,,—1 and Y = 1, a contradiction.



(b) Since 5 divides |Out(L)|, L is not alternating. By [Section §(2)| the only simple primitive group
of degree at most 106 w1th \Out L)| divisible by 5 is PSL(2,32). Then Out(L) = Cs, so | X| = 5,

and |CL(X)| = 6 by [Section §(2)| Hence |L : C1(X)| > 32736/6 > 106. O

Proposition 3.6. The group G is a direct product of simple groups, and each factor is isomorphic to
one of As, Ag, PSL(2,11), PSL(2,25) and PSL(3,5).

Proof. By [Proposition 3.2 and [Proposition 3.4} the Fitting subgroup of G is trivial. Hence E := F*(G)
is the direct product of the components Lq, ..., L; of G, and these are simple (see [8, Theorem 9.7]).
Moreover, Cq(E) < E by [8, Theorem 9.8|, so Cq(E) = Z(E) = 1. Since Oz(G) = 1, every L; has
order divisible by 5.

Suppose that some @ € S,(G) does not normalize some component L. Then some ¢ € @) moves L,
and the orbit A of L under (g) consists of m := 5/ > 5 components, which are permuted cyclically
by ¢q. Let Ea be the product of the components in A, and let S be a Sylow 5-subgroup of L. If
e € Ng,(Q), then [e,q] = e71e? € Q N Ea. Moreover, for e1,e3 € Ea we have [e1,q] = [ez2,q] if and
only if ege; ! € Cp,(q). An element of Cg, (¢) is determined by its component in L, so |Cg, (¢)| < |L|.
Since ) N Ea is a 5-subgroup of Ea, we obtain

|L|™ _\L:S\m*1>]L:S]4
L] - [S]™ st IS

‘EA : NEA(Q)| >

By [9, Theorem 3.6], |L| > |S|?, so |L : S| > |S| > 5 and |L : S|*/|S| > |S|® > 106. Since the
E-conjugates of @ lie in S,(G), this is a contradiction.

Consequently, every member of S,(G) normalizes every component, and [Lemma 2.6(b)| shows that
L; <G for all 7. If all members of S,(G) centralize L;, then L; < Z(G), which is impossible. Choose
Q € S,(G) which acts nontrivially on L;, and let X be the image of @ in Aut(L;). The L;-conjugates
of @ lie in S4(G), so |L; : N, (X)| < |L; : N1,(Q)| < 106, where we identify L; with Inn(L;). If
X NInn(L;) = 1, then [Nz, (X),X] < Inn(L;) N X = 1 and Nz,(X) = Cr,(X), which contradicts
Lemma 3.5(b)l Hence Y := X NInn(L;) # 1 and N, (X) < N, (Y). By |Lemma 3.5(a)l L; is one of

the five groups in the statement. Their outer automorphism groups are 2-groups. Since GG embeds into

[1; Aut(L;), the group G/E is a 2-group, and [Lemma 2.6[b)| yields G = E. O

Theorem 3.7. Every critical group is a 5-group.

Proof. Suppose that G is critical and not a 5-group. By|Proposition 3.6 P is a direct product of groups
isomorphic to Cs or the extraspecial group 51++2 of exponent 5. In particular, P has exponent 5, and
applied to X = H = P and K = 1 shows a > n — 2, since s,(P) < 81. The subgroups

of index 5 or 25 in P containing ®(P) show that d(P) < 3, since 55—_1 = 156 and ((54{_11)% = 806.
Since P is not cyclic, G is one of the following: L; x Lo or Ly X Lo x Ly with L; € {45, Ag, PSL(2,11)},
PSL(2,25), PSL(3,5), L1 x PSL(2,25) or L; x PSL(3,5) with L, € {As, Ag, PSL(2,11)}. For all
these groups and a € {n —2,n — 1} with a > 1, we have s,(G) > 156 (see [Section H(3)). This is a

contradiction. O




4 5-groups

In this section, G is a critical group. By [Theorem 3.7, G = P is a 5-group. Let d := d(P) be the
minimal number of generators, F' := ®(P) and V := P/F = Cg. For a subspace U < V let Hy be its

preimage in P, and let f(U) be the number of Q) € S,(P) with QF = Hy.

Lemma 4.1. Let L <V be a line and let g € Hy, \ F with ¢g°* = 1. Suppose that 51 < |F|. Then
f(L)>5 and f(L) =0 (mod 5).

Proof. Let A be the set of subgroups of order 54! of F' containing (g°). Since |{(g°)| < 5%~ < |F]|,
we have |A| = 1 (mod 5) by [1, Theorem 5.14] (if [{(g%)] = 52!, then A = {(g°)}). Conjugation by
g permutes A, so g normalizes some A € A. Then @ := (g)A has order 5% and QF = Hp. Hence
f(L)>0.

For Q € S,(P) with QF = H,, we have |QNF| = |Q||F|/|HL| =5 < |F|,s0 F £ Q. Since F < H,
yields f(L) =0 (mod 5). O

For a p-group X let U1(X) := (2P : x € X) and Q;(X) = (x € X : 2P = 1). Recall that X is
regular if for all x,y € X there exists ¢ € U1((z,y)’) with 2Py? = (zy)Pc (see [I, §7]). Moreover, X
is absolutely regular if | X : U1(X)] < pP (see [T, §9]). Absolutely regular p-groups are regular by [1I
Theorem 9.8(a)].

Proposition 4.2. If a < n — 3, then P is regular.

Proof. Suppose that P is irregular. Then P is not absolutely regular, that is, |P : U1(P)| > 5°. Applying
Lemma 2.7/ to H = P and K = U1(P) shows that |[U1(P)| > 59, since |P| > 5973, Let K < U1(P) be
a normal subgroup of P of order 5! and P := P/K. The preimages of the subgroups of order 5 of
P are subgroups of order 5% of P, so s1(P) < 106. Since K < U1(P), we have U1(P) = U1(P)/K and
|P:U1(P)| = |P: U1(P)| > 5°. Hence, P is not absolutely regular. If P is not of maximal class, then P
has a normal subgroup of order 5° and exponent 5 by [I, Theorem 12.1(a)], so s1(P) > (5°—1)/4 = 781.

Therefore, P is of maximal class. If [P| = 5%, then |P : U1(P)| > 55 forces U1(P) = 1, and again

s1(P) = 781. Hence |P| > 5. If |P| > 57, then s1(P) > 156 by [I, Lemma 12.3]. Finally, all 39 groups
of maximal class of order 5% satisfy s; > 156 (see [Section H(4))). In each case, s1(P) > 156 contradicts

s1(P) < 106. O
Proposition 4.3. We have a =n — 2.

Proof. The subgroups of index 5 in P correspond to the hyperplanes of V. Hence s,,_1(P) = (59—1)/4 #
106 and a < n—2. Suppose that a < n—3. Applying|[Lemma 2.7|to H = P and K = F yields |F| > 5%
By [Proposition 4.2 P is regular. By [I, Theorem 7.2|, the elements = with 2°“ = 1 form a subgroup.

It contains all members of S,(P), so it is P by |Lemma 2.6(b)l Hence, applies to every line
L < V. Since every Q € S,(P) satisfies QF < P, we have

106 = so(F) + Y f(U). (4.1)

0£U<V

If d > 3, then (4.1) yields 106 > >, f(L) > 31 -5, a contradiction. Hence d = 2 (note that P
is not cyclic), and (4.1)) reads 106 = s,(F) + Z?:o f(Li), where Lo,...,Ls are the lines of V' and
f(Li) = sa(HL,) — sa(F). Every proper subgroup H of P with |H| > 5% satisfies s,(H) < s4(P) = 106,



and s,(H) # 106 by the minimality of P. Moreover, s,(H) is congruent to 1 or 6 modulo 25 by
IProposition 2.1(b), and if s,(H) = 1 (mod 25), then H is cyclic and s,(H) = 1. Since |F| = 5""2 > 5%,
it follows that s,(F') and all s,(Hp,) lie in {1, 6, 31,56, 81}.

If s,(F) > 6, then every f(L;) is a positive difference of two elements of {6, 31, 56,81}, so f(L;) > 25
and 106 > 6 + 6 - 25, a contradiction. Hence s,(F) = 1, and F' is cyclic by |Proposition 2.1{(b)l Hence
Hy, has a cyclic subgroup of index 5, so Hy, is abelian or isomorphic to Mzn—1 by [I, Theorem 1.2].
In particular, | (Hp,)| < 25, which gives s1(Hp,) < 6. For a > 2, we have s,(Hr,) < 6 by the proof
of [1, Theorem 5.3|. Therefore f(L;) = sq(Hr,) —1 <5 and 106 <1+ 6 -5, a contradiction. O

Proposition 4.4. We have d = 2.

Proof. By [Proposition 4.3] a = n — 2. The subgroups of index 25 in P containing F' correspond to the
4 3

subspaces of codimension 2 in V. If d > 4, there are at least % = 806 of them, a contradiction.

Suppose that d = 3. Let I'1 and I'y be the sets of subgroups of index 5 and 25 containing F'. Since

|F| = 5”3, Hall’s enumeration principle [I, Theorem 5.2] applied to S,(P) gives

5AM)

sa(P)= D sa(M)=5 ) sa(H)= D ——— 531,

MeT Hels Mel

since s,(H) = 1 for H € T'y. Every M € Ty satisfies M/F = C2, so d(M) > 2, and s,(P) = 106
becomes ZMerl(E’d(M) —1)/4 = 261. Since 156 + 30 - 6 > 261, every summand is 6 or 31, and
261 = 3 - 31 + 28 - 6 shows that exactly three summands equal 31. Hence exactly three members
My, My, M3 € Ty satisfy d(M;) = 3, and d(M) = 2 for the others. Since ®(M) < ®(P) = F, we have
O(M) =Fifd(M) =2, and |F : ®(M;)| = 5. Every subgroup of index 25 in P is a maximal subgroup
of some M € I'y and contains ®(M). Therefore, the intersection of all members of S,(P) contains
®(My) N ®(My) N ®(Ms), which has index at most 5% in F. By [Lemma 2.6(c)| |F| < 5% and n < 6.
This contradicts [Section 5(5)| O

We use left normed commutators: for elements x,%, z of a group let x¥ := y~ 'y, [z,y] := 2~

[z,y, 2] :== [[z,y], 2], and similarly [X,Y, Z] := [[X, Y], Z] for subgroups X,Y, Z.

Ly¥ and

Proposition 4.5. The following hold:
(a) Three mazimal subgroups M of P satisfy d(M) = 3, and the other three satisfy d(M) = 2.
(b) Ny (M) =1, where M runs through the mazimal subgroups of P.
(c) F is elementary abelian.
(@) [F,P] < 7(P).
(e) U1(P) <Z(P).
(f) 1P| <5°.

Proof. By |Proposition 4.3| and [Proposition 4.4, d = 2 and a =n — 2. Let My, ..., M5 be the maximal
subgroups of P. Any two of them intersect in F', so F' is a maximal subgroup of every M;, and every
other subgroup of index 25 in P is a maximal subgroup of exactly one M;.




(a) Since M; has exactly (5%M:) —1)/4 maximal subgroups, we obtain

5 md(My)

5 —1

106 = s,(P) = § — 9,
i=0

that is, 327_,(5%":) —1) /4 = 111. Since (5*—1)/4 = 156 > 111, all summands lie in {1,6,31}. Let
x1, ¢ and x31; be the number of summands equal to 1, 6 and 31 respectively. Then x1+x¢+x31 = 6
and x1 + 6xz¢ + 31lxg; = 111. Subtracting yields x¢ + 6x31 = 21, and the only solution with
Tg + 31 < 6 1is xg = x31 = 3, w1:0E|

(b) The intersection of all members of Sq(P) is F'N (), ®(M;) = (), P(M;). Hence the claim follows
from [Comma 2.0}

(¢) Since ®(F) < ®(M) for every maximal subgroup M, we obtain ®(F) = 1 by [(b)]

(d) Let M = (g)F be a maximal subgroup of P, let h € P\ M and P := P/®(M). Since F is an
abelian normal subgroup of P, the map 6: F — F, x + [z, h] is a homomorphism. Since F is
abelian and [F,g] < M’ < ®(M), the group M centralizes F. Together with P = (h)M, this
implies that the image of [F, P, P] in P is §?(F). Since P is nilpotent, § is nilpotent. As F is an
elementary abelian group of order |F : ®(M)| = 54M)~1 < 25 by@ we obtain 02 = 0, that is,
[F, P, P] < ®(M). Since M was arbitrary, [(b)] yields [F, P, P] = 1.

(e) By and [(d)] P has nilpotency class at most 3, so P is regular by [I, Theorem 7.1(b)]. Since
P’ < F has exponent 5, it follows that (gh)® = g°h® for all g,h € P. Hence (¢°)" = (¢")° =
(9lg, h])® = g°lg, h]* = g° for all g, h € P.

(f) Let P = (z,y) and w := [z,y]. Since P' = (w)[P’, P] with [P’, P] < [F, P] < Z(P), [(e)] yields
F = P'Uy(P) = (w)Z with Z < Z(P). By [(a)] there exists a maximal subgroup M = (g)F
of P with d(M) = 2. Then M’ = [F,g] = ([w,g]). Moreover, U1(M) = (g°), since (¢'f)% =
g% f> = g® for f € F by the proof ofl@ Hence |®(M)| = |M'G1(M)| < 25. On the other hand,
|F: ®(M)| = 5%M)~1 = 5 Therefore, |F| < 5% and |P| < 5°. O

Proof of Theorem A. If there is a group H with s,(H) = 106 for some a, then there is a critical

group G. By G = P is a 5-group. By [Proposition 4.5(f)| |P| < 5°, which contradicts
Section §(5) O

Proof of Corollary B. Let n < 106 with n = 1+ p (mod p?). Since every odd number is a Sylow 2-
number [11], we may assume that p > 2. For p = 3, the integers n < 100 are Frobenius 3-numbers by
[10], and 103 is a prime, hence a Sylow 3-number by [L1]. For p = 5, we have n € {6, 31,56, 81}, and
these values occur as s,(P) for 5-groups P (see |Section 5(5)). For p = 7, we have n € {8,57}, and
8 = 51(C3), 57 = 51(C3). For p > 11, we have n = 1+ p = s1(C;). (In fact, all these integers occur
as sq(P) for p-groups P of order at most p”, see [3, Appendix A.1].) Hence, the claim follows from
Theorem A. O

LA positive answer to [2] Problem 1375] would exclude this configuration directly, but SmallGroup(5574) has exactly
four two-generator maximal subgroups and shows that the answer is negative (see the file problem1375.g attached
to this pdf).
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5 Computations

All computations were done with GAP 4.16.1 [5]. The code is attached to this pdf: transitive.g for
simple.g, outer-automorphisms.g and ps12-32.g for products.g for maximal-class.g
for and small-5-groups.g for . To compute s,(H) for a group H, we computed the conjugacy
classes of subgroups of a Sylow 5-subgroup .S, collected the members of order 5%, sorted them into
conjugacy classes of H and added the indices of their normalizers.

(1)

(2)

The transitive groups of degree at most 21 which are generated by 5-elements and whose point
stabilizers have a nontrivial normal 5-subgroup are As of degree 6 and 12, C11 x C5 of degree 11
and C3 x Cj of degree 16.

Among the nonabelian simple primitive groups of degree at most 106 other than A,, with m >
25, those with a nontrivial 5-subgroup having at most 106 conjugates are As, Ag, PSL(2,11),
PSL(2,25) and PSL(3,5). Among all simple primitive groups of degree at most 106 other than
alternating groups of degree at least 7, only PSL(2, 32) has an outer automorphism group of order
divisible by 5, and every subgroup X of order 5 of Aut(PSL(2,32)) with X NInn(PSL(2,32)) =1
satisfies |Cpgy,(2,32)(X)| = 6.

For the 24 groups listed in the proof of [Theorem 3.7, the smallest value of s,(G) with a €
{n —2,n — 1} is 156, attained by As x A5 (a = 1) and PSL(2,25) (a = 1).

The groups of maximal class of order 5% are SmallGroup(5°,4) with 630 < i < 668. They satisfy
s1 € {156,781, 1406, 2031, 3281}.

For all noncyclic groups P of order 5™ with m < 5 and for all groups of order 5% with d(P) = 3,
the values s,(P) with 1 < a < m — 1 and s,(P) < 181 are exactly 6,31,56,81,156,181. In
particular, sq(P) # 106.
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res := [];;
for c in [2..21] do
  for i in [1..NrTransitiveGroups(c)] do
    T := TransitiveGroup(c, i);
    if Size(T) mod 5 = 0 then
      O := NormalClosure(T, SylowSubgroup(T,5));
      if Size(O) = Size(T) then
        S := Stabilizer(T, 1);
        if Size(PCore(S, 5)) > 1 then
          Add(res, [c, i, Size(T), Size(PCore(S,5)), StructureDescription(T)]);
        fi;
      fi;
    fi;
  od;
od;
for x in res do Print(x, "\n"); od;
Print("degrees: ", Set(List(res, x -> x[1])), "\n");
QUIT;



# simple primitive groups L of degree <= 106 (other than A_m, m>=25) with a nontrivial 5-subgroup having at most 106 conjugates
out := [];;
for G in AllPrimitiveGroups(NrMovedPoints, [5..106], IsNonabelianSimpleGroup, true) do
  if Size(G) mod 5 = 0 and not (IsNaturalAlternatingGroup(G) and NrMovedPoints(G) >= 25) then
    P := SylowSubgroup(G, 5);
    best := infinity;
    for c in ConjugacyClassesSubgroups(P) do
      Y := Representative(c);
      if Size(Y) > 1 then
        ix := Index(G, Normalizer(G, Y));
        if ix < best then best := ix; fi;
      fi;
    od;
    if best <= 106 then
      AddSet(out, [Size(G), best, Name(G)]);
    fi;
  fi;
od;
Print("simple groups with a 5-subgroup of at most 106 conjugates (order, min #conj, name):\n");
for x in out do Print(x, "\n"); od;
QUIT;



# simple primitive groups of degree <= 106 (other than A_m, m>=7): 5-part of |Out(L)|
done := [];;
info := fail;;
for G in AllPrimitiveGroups(NrMovedPoints, [5..106], IsNonabelianSimpleGroup, true) do
  info := IsomorphismTypeInfoFiniteSimpleGroup(G);
  if info.series = "A" and info.parameter >= 7 then continue; fi;
  if ForAny(done, x -> x[1] = info) then continue; fi;
  o := Size(AutomorphismGroup(G)) / Size(G);
  Add(done, [info, o]);
  if o mod 5 = 0 then Print("!!! 5 divides |Out| for ", info.name, " degree ", NrMovedPoints(G), "\n"); fi;
od;
Print("checked ", Length(done), " isomorphism types; |Out| values: ", Set(List(done, x -> x[2])), "\n");
QUIT;



L := PSL(2,32);;
A := AutomorphismGroup(L);;
iso := IsomorphismPermGroup(A);;
AP := Image(iso);;
LP := Image(iso, InnerAutomorphismsAutomorphismGroup(A));;
cs := [];;
for c in ConjugacyClasses(AP) do
  x := Representative(c);
  if Order(x) = 5 and not x in LP then
    AddSet(cs, Size(Centralizer(LP, x)));
  fi;
od;
Print("|L| = ", Size(LP), ", |C_L(x)| for outer x of order 5: ", cs, "\n");
QUIT;



p := 5;;
# s_a(G): number of subgroups of order p^a of G
sa := function(G, a)
  local P, subs, reps, Q, found, R;
  P := SylowSubgroup(G, p);
  subs := Concatenation(List(Filtered(ConjugacyClassesSubgroups(P),
             c -> Size(Representative(c)) = p^a), AsList));
  reps := [];
  for Q in subs do
    found := false;
    for R in reps do
      if IsConjugate(G, Q, R) then found := true; break; fi;
    od;
    if not found then Add(reps, Q); fi;
  od;
  return Sum(reps, Q -> Index(G, Normalizer(G, Q)));
end;;
L := rec(A5 := AlternatingGroup(5), A6 := AlternatingGroup(6), L211 := PSL(2,11),
         L225 := Image(IsomorphismPermGroup(PSL(2,25))), L35 := Image(IsomorphismPermGroup(PSL(3,5))));;
combos := [["A5","A5"],["A5","A6"],["A5","L211"],["A6","A6"],["A6","L211"],["L211","L211"],
  ["A5","A5","A5"],["A5","A5","A6"],["A5","A5","L211"],["A5","A6","A6"],["A5","A6","L211"],["A5","L211","L211"],
  ["A6","A6","A6"],["A6","A6","L211"],["A6","L211","L211"],["L211","L211","L211"],
  ["L225"],["L35"],["A5","L225"],["A6","L225"],["L211","L225"],["A5","L35"],["A6","L35"],["L211","L35"]];;
res := [];;
for c in combos do
  G := DirectProduct(List(c, x -> L.(x)));
  n := LogInt(Size(SylowSubgroup(G, p)), p);
  for a in Filtered([n-2, n-1], x -> x >= 1) do
    Add(res, [sa(G, a), c, a]);
  od;
od;
m := Minimum(List(res, x -> x[1]));;
Print("smallest s_a(G): ", m, ", attained by ", List(Filtered(res, x -> x[1] = m), x -> [x[2], x[3]]), "\n");
QUIT;



res := [];;
for i in IdsOfAllGroups(5^6, NilpotencyClassOfGroup, 5) do
  G := SmallGroup(i);
  s1 := (Number(G, x -> Order(x) = 5)) / 4;
  Add(res, [i[2], s1]);
od;
Print("maximal class groups of order 5^6: ", Length(res), "\n");
Print("SmallGroup ids: ", List(res, x -> x[1]), "\n");
Print("values of s_1: ", Collected(List(res, x -> x[2])), "\n");
QUIT;



p := 5;;
# s_a(P): number of subgroups of order p^a of the p-group P
sa := function(P, a)
  return Sum(Filtered(ConjugacyClassesSubgroups(P), c -> Size(Representative(c)) = p^a), Size);
end;;
# values s_a(P) <= 181 for all noncyclic groups P of order p^m with m<=5 and all groups P of order p^6 with d(P)=3
groups := Concatenation(List([2..5], m -> AllSmallGroups(p^m, IsCyclic, false)));;
Append(groups, AllSmallGroups(p^6, RankPGroup, 3));
values := [];;
for P in groups do
  for a in [1..LogInt(Size(P), p)-1] do
    s := sa(P, a);
    if s <= 181 then AddSet(values, s); fi;
  od;
od;
Print("values s_a(P) <= 181: ", values, "\n");
QUIT;



G := SmallGroup(5^5, 4);;
Print("d(G)=", RankPGroup(G), " class=", NilpotencyClassOfGroup(G), "\n");
Print("ranks of maximal subgroups: ", SortedList(List(MaximalSubgroups(G), RankPGroup)), "\n");
QUIT;


