GROUPS SATISFYING GASCHUTZ’S COMPLEMENT THEOREM

STEFANOS AIVAZIDIS AND BENJAMIN SAMBALE

ABSTRACT. A classical theorem of Gaschiitz states that an abelian normal subgroup
N of a finite group G has a complement in G whenever it has a complement in some
subgroup H with N < H < G and ged(|N|,[G : H]) = 1. We characterize the finite
groups N for which this theorem remains valid without the abelian hypothesis: this is
the case if and only if Z(N) N N = 1 and N has a complement in a quotient of the
holomorph Hol(N) by a diagonal copy of N’. This completes a previous paper by the
second author.

1. INTRODUCTION

All groups considered in this paper are finite. A subgroup C' of a group G is a complement
of a normal subgroup N <G if G = NC and N N C = 1. Deciding whether a normal
subgroup has a complement (that is, whether G splits over N) is a classical problem of
group theory. For abelian N, a well-known theorem of Gaschiitz reduces this question to
a subgroup of coprime index.

Theorem (Gaschiitz [2]). Let N be an abelian normal subgroup of a group G, and let
N < H < G with ged(|N|,[G : H]) = 1. Then N has a complement in G if and only if N
has a complement in H.

This result was extended to groups N with abelian Sylow subgroups by the second author
in [3, Theorem Q]H Following this paper, we say that Gaschiitz’s theorem holds for N, and
write G(NN), if the theorem holds without conditions on N: whenever N G, N < H < G,
ged(|N|,[G : H]) =1, and N has a complement in H, then N has a complement in G. By
[3, Theorem 12|, G(V) implies Z(N)N N’ = 1, where N’ denotes the commutator subgroup
of N. In particular, G(N) fails for all non-abelian nilpotent groups. For metabelian groups
N, G(N) is in fact equivalent to Z(N) NN’ =1 (|3, Corollary 14]).

As indicated in [3, Introduction|, Gaschiitz and Brandis both expressed their wish to find
a complete intrinsic characterization of G(N). This is the goal of the present paper. For
xr € N, let v, be the inner automorphism of N induced by z, i.e., v,(y) = zyxz~! for
y € N. Let Hol(N) := N x Aut(N) be the holomorph of N.

Theorem A. Let N be a group and

D= {(d"",74) : d € N'} <Hol(N).

Then Gaschiitz’s theorem holds for N if and only if Z(N)NN' =1 and N has a complement
in Hol(N) /D, where N 1is identified with its natural image in this quotient.
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For abelian N, the two conditions hold trivially, in accordance with Gaschiitz’s theorem.
For perfect groups N, we recover [3, Theorem 15]: G(IN) holds if and only if Z(N) =1
and Inn(N) has a complement in Aut(V).

The proof consists of two reductions of independent interest. In we show that
G(N) is equivalent to the condition that every extension B of N which splits modulo

the commutator subgroup N’ already splits over N (Theorem 2.1)). The proof turns any
extension violating this condition into a Gaschiitz counterexample N < H < G with

G : H] = p, for any prime p { |B|. In we prove that, under the necessary
condition Z(N) N N’ = 1, every extension of N which splits modulo N’ is a fiber product

of the single extension Hol(N)/D of Aut(N)/v(N’) (Theorem 3.1)).

In the last section, we give an explicit example by answering |3, Problem 18]: G(N) does
not hold for N = (C% x Qg) x Cs.

2. SPLITTING MODULO THE COMMUTATOR SUBGROUP

The property G(N) quantifies over pairs of groups N < H < G. Our first reduction
replaces these pairs by single extensions of NV and shows that only the splitting behavior
modulo the commutator subgroup matters. This naturally extends Gaschiitz’s original
theorem.

Theorem 2.1. For every group N, the following conditions are equivalent.
(i) G(N) holds.

(ii) For every group B with N < B, if N/N' has a complement in B/N', then N has
a complement in B.

Moreover, if|condition (ii)| fails for B, then every prime p 1 |B| gives groups N < H I G
such that G/H = C, and N has a complement in H but not in G.

Proof. Suppose first that holds, and let N < H < G satisfy the hypotheses
defining G(N), say with a complement K of N in H. Since N’ is characteristic in N < G,
we have N’ < G, and N/N' is an abelian normal subgroup of G/N’. Dedekind’s modular
law gives KN'NN = (KNN)N' = N, and (KN')N = KN = H; hence KN'/N' is a
complement of N/N" in H/N'. Since |N/N’| divides |N| and [G/N’' : H/N'] = [G : H],
these two quantities are coprime, so Gaschiitz’s theorem gives a complement of N/N’ in

G/N'. Applying |condition (ii)| with B = G shows that N has a complement in G.

Suppose conversely that fails. We construct a witness GG for the failure of
G(N), similar to [3], proof of Theorem 12]. Choose N < B such that N/N' has a complement
in B/N' but N has no complement in B, and put R := B/N. Let m: B — R be the
quotient map, choose a prime p { |B|, and let

P = {(by,...,by) € B* : (b)) =--- =m(by)}
be the p-fold fiber product of 7 with itself. The cyclic shift o of P, given by (b, ...,b,) —
(by, b1, ...,by_1), is an automorphism of order p; put ) := P x (o). The homomorphism
P — R sending each tuple to its common value (b)) = --- = 7(b,) is invariant under o,
so it extends to a homomorphism 7: Q — R with 7(0) = 1. Form the fiber products
G=BxpQ={(bq) € BxQ:mb)=1(q)}, H=BxzrP=GN(BxP),

and let p: G — @, (b,q) — ¢, be the projection onto the second coordinate. Given ¢ € @,

the surjectivity of 7 provides some b € B with 7(b) = 7(q); hence p is surjective. We
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identify N with ker(p) = N x 1 <G. Since H = p~!(P) and Q/P = C,, we obtain H I G
and G/H = C,. Note that gcd(|N|,p) = 1 because |N| divides |B|.

Step 1: N has a complement in H.
Let A: P — B be the projection onto the first coordinate and put
K ={(\z),z) :2 € P} <BxP.

Every z € P satisfies m(\(z)) = 7(x), so K < H. If (\(z),x) € N x 1, then x = 1 and
hence A(z) = 1; thus K N N = 1. Moreover, if (b,z) € H, then 7(b) = 7(z) = w(A(x)), so
n = bA(z)~! lies in kerm = N and (b,z) = (n,1)(A\(z),z) € NK. Hence H = NK, and
K is a complement of N in H.

Aiming at a contradiction, we assume from now on that N has a complement M in G.
Step 2: there is a homomorphism 0: () — B with w0 = .

By assumption, M Nkerp =M N (N x 1) =1 and p(M) = p(M(N x 1)) = p(G) = Q, so
p restricts to an isomorphism M — (). Composing its inverse () — M with the projection
G — B onto the first coordinate yields a homomorphism 6: () — B such that

M ={(6(q),q) :q €Q} < B xQ.
Since M < @G, the defining equation of the fiber product forces 7(6(q)) = 7(q) for all
q€ Q.

Step 3: the coordinate copies of N have a common image under 6.

For 1 <¢<p,let ¢,: N = P place n € N in the ith coordinate and 1 in all others; the
image lies in P because 7(n) = 1. Inside Q we have og;(n)o! = g;11(n), with indices
taken modulo p. The order of §(o) divides the order p of o as well as |B|. Thus, §(c) =1
as ged(p, |B|) = 1. This yields 0,41 = 0¢; (composition of maps). Hence ¢ == 0¢;: N — B
does not depend on 1.

Step 4: p(N') = 1.

Tuples supported in distinct coordinates commute, so for all m,n € N (using p > 2),
D(m)p(n) = (e (m)B(ea(n)) = O(e1(m)zs(n) = (ea(m)ea(m) = vy (m).

Thus ¢ (V) is abelian and N' < ker 1.

Step 5: conclusion.

Let 6: B— P, b~ (b,...,b), be the diagonal embedding. For v € N’ we have §(u) =
e1(u) - -ep(u) and therefore 0(6(u)) = ¥ (u)? = 1 by Step 4. Hence the homomorphism
06: B — B is trivial on N’. Moreover,

m(0(5(b))) = 7(5(b)) = m(b) (1)
for all b € B; that is, 6 leaves the image in R unchanged.

By the choice of B, the subgroup N/N’ has a complement in B/N’; let L < B be its
inverse image, so that N’ < L, B = NL and N N L = N'. The last two equalities
give |B| = |N||L|/|N’| and hence [L : N'| = |B|/|N| = |R|. Put C' := 66(L). Since
N’ < ker(#6), we obtain |C| < [L: N'] = |R|. On the other hand,

7(C)=mn(L) = WgLN) =n(B)=R



by . Consequently, 7 restricts to an isomorphism C' — R. In particular CN N =
CNkerr = 1, and |[NC| = |[N||C| = |N||R| = |B| yields B = NC. Thus C is a
complement of N in B, contradicting the choice of B. Therefore N has no complement in
G. O

We remark that does not provide a new proof of Gaschiitz’s theorem because
we made use of the original theorem in the proof.

3. PROOF OF THE MAIN THEOREM

Let N be a group and put A := Aut(N). The inner automorphism map v: N — A, x +— ~,,
is a homomorphism with image Inn(N) and kernel Z(N). Since N’ is characteristic in N,
the subgroup (N’) is normal in A. We use the left-action convention for Hol(N) = N x A,
so that

(n,a)(m, B) = (na(m), af) (n,meN, a,f € A).
The map N — N x A, x — (271, ~,) is a monomorphism, since for x,y € N

() ) = (@ %) ) = (Ve ) = (@) 7 7ay).-

In particular,
D= {(d"",v4) :d € N'} <Hol(N)
is a subgroup isomorphic to N’. It centralizes N x 1, because for n € N the products
(n,1)(d™*,~4) and (d~',74)(n, 1) are both equal to (nd™',~,). Conjugation by (1, «) with
o € Asends (d7',vq) to (a(d)™!, Ya@) with a(d) € N'. Since N x A is generated by
N x 1 and 1 x A, we conclude that D < Hol(N).
Theorem 3.1. Let N be a group satisfying Z(N) N N’ = 1. Define
Uy = Hol(N)/D, Tn = A/v(N'").
The following holds:
(i) N embeds as a normal subgroup of Un.

(i)
(iii) N/N' has a complement in Uy /N'.

)

(iv) If N < B and N/N' has a complement in B/N', then B is a fiber product of ©
and some homomorphism B/N — Ty. Here, N is identified with N x 1.

There is an epimorphism 7: Uy — Ty with kernel N.

Proof.

(i) An element (d',v,) of D belongs to N x 1 if and only if 74 = 1, that is, if and
only if d € Z(N) N N" = 1. Hence (N x 1) N D = 1. We can therefore identify N
with (N x 1)D/D < Uy.

(i) Since (n,1)(d"',74) = (nd™',74) for n € N and d € N, we have (N x 1)D =
N x v(N'"). This yields a natural homomorphism

7: Uy = Uxy/N = (N xA)/(NxvN)) =Ty
with kernel N.



(iii) As in (N x 1)D = N" x v(N'). Since v(N') < Inn(N) acts trivially on N/N’,
Ty acts on N/N'. This yields a natural isomorphism

Un/N'"= (N x A)/(N'"x~v(N") = (N/N") x Ty.
In particular, N/N’ has a complement in Uy /N'.

(iv) Now let N < B, and let L/N’ be a complement of N/N"in B/N’ i.e. B= NL and
NN L= N' Since N < B, conjugation extends v to a homomorphism v: B — A,
() == bzb~! for x € N. Letting L act on N through ~, the multiplication map
p: N x L — B, (n,l) — nl, is a homomorphism:

w((n, 1) (m, k) = p((ndml™", 1k)) = nimk = p(n, Dp(m, k).

It is surjective because B = N L. For (n,l) € ker u we have [ =n"' € NNL = N/,
so ker = {(d7',d) : d € N'}. On the other hand, N x L — N x A, (n,1) — (n, )
is a homomorphism mapping ker p into D, by the very definition of D. Hence
the composition N x L — N x A — Uy is trivial on ker u and factors through
i, yielding a homomorphism f: B — Uy with f(nl) = (n,7,)D for n € N and
[ € L. In particular, f(n) = (n,1)D for n € N, so f restricts on N to the
identification fixed above. The epimorphism 7: Uy — Un/N = Ty from |(ii)|
induces a homomorphism f: B/N — Ty with f(bN) = 7(f(b)).

Consider the fiber product

P :=Uy xr1y (B/N) ={(u,z) € Uy x (B/N) : w(u) = f(x)}

and the homomorphism g: B — P, b — (f(b),bN), which lands in P by the
definition of f. If g(b) = 1, then b € N and f(b) = 1, so b = 1 because f is injective
on N; hence g is injective. Since 7 is surjective with kernel N, |P| = |N||B/N| =

| B|. Hence g is an isomorphism carrying N onto N x 1, the kernel of the projection
onto B/N. O

We can now prove the main theorem stated in the introduction.

Proof of [Theorem Al By [3, Theorem 12|, Gaschiitz’s theorem fails for N if Z(N)NN' #
1. Assume therefore that Z(N) N N’ = 1, so that [Theorem 3.1| applies.

Suppose first that N has a complement K in Uy. Let N < B such that N/N’ has a
complement in B/N’. By [Theorem 3.1(iv)| we may assume that B = P := Uy X, (B/N)
and N = N x 1. The subgroup

M =Pn (K x (B/N)) <P

intersects N x 1 trivially, because K N N = 1. Moreover, let (u,z) € P and write u = nk
with n € N and k € K. Since kerm = N, we get (k) = 7(u) and therefore (k,z) € P,
that is, (k,xz) € M. Now (u,z) = (n,1)(k,z) € (N x 1)M. Hence M is a complement of
N in P. This verifies [condition (ii)| of [Theorem 2.1 so G(N) holds.

Suppose conversely that N has no complement in Uy. By [Theorem 3.1{(iii)} N/N’ has a
complement in Uy /N’ so|condition (ii)|of [Theorem 2.1|fails for B = Uy. By that theorem,
G(N) fails. O

For an abelian group N, we have N’ = 1, so Uy = Hol(V) splits over N. At the other
extreme, suppose that NV is perfect and Z(N) = 1. The map Hol(N) — A, (n,a) — y,«a

is a homomorphism because Yam) = ay,a . It is clearly surjective with kernel D. It
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therefore induces an isomorphism Uy = A carrying N onto Inn(NV). Thus
includes both Gaschiitz’s theorem and Sambale’s characterization for perfect groups [3,
Theorem 15]. The following corollary unifies both conditions.

Corollary 3.2. Let N be a group satisfying Z(N) N N' = 1. If y(N') has a complement
in A, then Gaschiitz’s theorem holds for N.

Proof. Let C be a complement of v(N’) in A, and let

C:=(1xC)D/D < Uy.
An element (1,c¢)D lies in the image of N if and only if (1,¢) € (N x 1)D = N x y(N'),
that is, if and only if ¢ € y(N’). Since C N y(N’) = 1, we get C N N = 1. Moreover,
the epimorphism 7: Uy — Ty of [Theorem 3.1{(ii)| sends C' to Cy(N")/y(N') = Ty. As
ker 7 = N, this gives NC = Uy. Hence C is a complement of N in Uy, and Gaschiitz’s
theorem holds for N by [Theorem A} O

The Frobenius group N = (C5 x C3) x Qg shows that the condition in Corollary is
not necessary for G(N).

4. SOLUTION OF A PROBLEM OF SAMBALE

In [3], the validity of Gaschiitz’s theorem was decided for every group of order less than
144, and the first open case

N = (CF x Qg) x Cy = SmallGroup(144,187)

was posed as a problem. A straightforward computation with GAP [1]E| shows that N has
no complement in Uy := Hol(N)/D (a group of order 13,824). A witness G of the failure

of G(IN) can be constructed via [Theorem 2.1 with B = Uy and p = 5. This yields
G| =p-|Un|-|NF =5-13,824 1445 = 2% .31 . 5 = 4.3. 10",

The starting point of this paper was a smaller witness of order 2% . 32 . 5, found by
GPT.
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#############################################################################
##
#F  GaschuetzHolds( <N> ) . . . . . . . decide Gaschuetz' theorem for finite N
##
##  Gaschuetz' theorem: let N be an abelian normal subgroup of a finite group
##  G and let N <= H <= G with gcd(|N|,[G:H]) = 1.  Then N has a complement in
##  G if and only if N has a complement in H.
##
##  GaschuetzHolds(N) decides whether this conclusion still holds for the
##  given finite group N when the hypothesis that N be abelian is dropped.
##
##  Based on:  B. Sambale, On the converse of Gaschuetz' complement theorem,
##                J. Group Theory 26 (2023), 931-949;
##             S. Aivazidis and B. Sambale, Groups satisfying Gaschuetz's
##                complement theorem.
##
GaschuetzHolds := function( N )
    local Nd, A, S, eN, eA, D, nat;

    if ForAll( Collected( Factors( Size( N ) ) ), pe -> pe[2] <= 2 ) then
        return true;             # cubefree order, [Sambale, Thm 2]
    fi;

    if IsAbelian( N ) then
        return true;             # classical Gaschuetz
    fi;

    Nd := DerivedSubgroup( N );
    if Size( Intersection( Centre( N ), Nd ) ) <> 1 then
        return false;            # [Sambale, Thm 12]
    fi;

    if IsAbelian( Nd ) then
        return true;             # [Sambale, Thm 9]
    fi;
    if ForAll( PrimeDivisors( Size( N ) ),
               p -> IsAbelian( SylowSubgroup( N, p ) ) ) then
        return true;             # [Sambale, Thm 2]
    fi;

    A  := AutomorphismGroup( N );
    S  := SemidirectProduct( A, N );
    eN := Embedding( S, 2 );
    eA := Embedding( S, 1 );
    D  := Subgroup( S, List( GeneratorsOfGroup( Nd ), d ->
              Image( eN, d^-1 ) * Image( eA, ConjugatorAutomorphism( N, d ) ) ) );
    nat := NaturalHomomorphismByNormalSubgroupNC( S, D );
    return Length( ComplementClassesRepresentatives( Image( nat ),
                       Image( nat, Image( eN, N ) ) ) ) > 0;
end;

# This answers [Sambale, Problem 18]:
GaschuetzHolds(SmallGroup(144,187));

