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Abstract—This paper introduces the concept of exhaustively
parametrised, feasibility-respecting quantum circuits for con-
strained combinatorial optimisation problems. Such circuits can
reach, given the right parameter values, every feasible solution
with certainty—including the optimum—with a fixed number
of parameters, while avoiding infeasible solutions altogether.
This is in sharp contrast to conventional quantum alternating
operator ansatz schemes, which are merely guaranteed to reach
the optimum asymptotically. We introduce an abstract pipeline
for constructing exhaustively parametrised, feasibility-respecting
circuits from a transitive group action on a problem’s feasible
set. Our constructions rely on the simple combination of the
group action with group representation and the novel notion of
generating sequences: group elements in fixed order, possibly
with repetitions, that generate the entire group. That is, we
trace expressivity of parametrised quantum circuits back to
the most fundamental concepts of group theory. We apply this
pipeline to two concrete examples for the travelling salesperson
problem, thus showing that exhaustively parametrised, feasibility-
respecting circuits are not an empty definition. Furthermore, we
provide numerical proof-of-principles on instances with up to
nine cities, comparing the suitability of our constructions for
parameter optimisation purposes against established mixers.

Index Terms—combinatorial optimisation, hard constraints,
QAOA, symmetric group, travelling salesperson problem

I. INTRODUCTION

The quantum approximate optimisation algorithm [1] and
its generalisation to the quantum alternating operator ansatz
(QAOA) [2] arguably constitute the most-studied class among
(near-term) quantum algorithms for combinatorial optimisa-
tion. In a nutshell, QAOA consists of optimising the ex-
pectation value of an objective Hamiltonian, encoding the
classical objective function, over a parameterised class of
quantum states. This class is obtained by applying param-
eterised quantum circuits to a given initial state. The pa-
rameter optimisation itself is often outsourced to a classical
optimiser, while the quantum computer is mainly used as a
sampling machine, providing fast estimations of the objective
function (and its gradients). Traditional classical algorithms
for the QAOA parameter optimisation, such as COBYLA [3]
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or SLSQP [4], are usually (pseudo) gradient-based. More
recently, also gradient-free approaches based on Monte Carlo
tree search have been investigated [5]. An increasingly popular
alternative to direct parameter optimisation is to transfer well-
performing parameters between similar instances [6].

Irrespective of the utilised parameter optimisation technique,
QAOA circuits typically face reachability issues in the sense
that the class of parametrised states does not (fully) cover any
optimal solution state. This is true for the original design for
unconstrained and soft-constrained problems, but also often
applies to refined versions which incorporate the problem’s
feasibility structure directly into the parametrised circuit.
While the original formulation and all versions derived from
adiabatic protocols [7] can at least ensure exact reachability
in the (arguably practically irrelevant) limit of infinitely many
variational parameters [8], even this property may vanish for
generic QAOA circuits for hard-constrained problems. In any
case, this renders most QAOA circuits with a fixed number
of parameters unreliable candidates for ever detecting the
optimum of given optimisation problem.

Even though the heuristic nature of the QAOA might not
require reliable sampling of optima in practice, we believe
that the difficulty of finding good solutions with the QAOA
should solely concentrate in the parameter optimisation, not
in the coverage of the feasible space itself. To this end, we
introduce the concept of exhaustively parametrised quantum
circuits, which are guaranteed to reach every feasible solution
state—including the optima—exactly and with a finite number
of parameters. Analogous to the generalisation of the QAOA
for constrained problems, such circuits should only produce
(superpositions of) feasible states, restricting the search space
to the feasible subspace and thus avoiding overhead through
feasibility checks and penalty terms. Overall, our construction
removes a representational obstruction. It does not, by itself,
imply efficient parameter optimisation or an end-to-end quan-
tum speedup.

While the concept of exhaustively parametrised, feasibility-
respecting quantum circuits might be straightforward, con-
structing one for a concrete problem at hand poses a serious
engineering challenge, requiring profound knowledge about
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High-level overview of our abstract pipeline for constructing exhaustively parametrised, feasibility-respecting quantum circuits for combinatorial

optimisation problems. The task of exactly and exclusively preparing all feasible solutions via paremtrised quantum circuits can be reduced to concepts of
elementary group theory. The two key ingredients are a transitive group action on the problem’s feasible set, often available from decades of operational
research studying symmetries in the feasible set, and a generating sequence of involutions. The output of the pipeline is an exhaustively parametrised,

feasibility-respecting quantum circuit with a fixed number of parameters.

the problem’s feasibility structure. Our main contribution is
the formalisation of an abstract pipeline, which essentially
reduces the construction of such circuits to identifying a tran-
sitive group action on the feasible set. Intuitively, a transitive
group action is able to map between every pair of arbitrary
feasible elements. Representing the group (action) as multi-
qubit operators is the conceptually easier part. Capturing the
entire group with fixed number of elements requires the novel
notion of a generating sequence.

We apply our pipeline to the travelling salesperson problem
(TSP), one of the most paradigmatic NP-hard combinatorial
optimisation problems with constraints. Its feasible set can be
naturally identified with the symmetric group over all city in-
dices, suggesting to consider the action of the symmetric group
on its own, i.e., on the TSP’s feasible set, as entry point for our
pipeline. We derive two classes of exhaustively parametrised,
feasibility-respecting circuits based on the same group action,
but on different generating sequences. The first example is
inspired by the classical bubble sort algorithm. The latter’s
ability to correctly sort an arbitrary input list can be rein-
terpreted as its building blocks—adjacency transpositions—
constituting a generating sequence for the symmetric group.
The bubble sort sequence for an n-city instance has O(n?)
elements and yields a circuit with the same number of param-
eters. The second design is based on a recursive construction
of generating sequences, which only adds log(n) elements
when increasing n — 1 — n. Applying this construction n — 1
times in a row yields a generating sequence with only n log(n)
elements.

The TSP has been frequently in the scope of the QAOA
and related methods, allowing a direct comparison between
our approach and established ones. Concretely, the seminal
work [2] enhancing the QAOA for constrained problems, also
features concrete feasibility-preserving quantum circuits for
the TSP. We utilise them as baseline for numerical experiments
on TSP instances with up to nine cities. Despite increased per-
formance of our approaches on the selected test instance, we
refrain from predicting any immediate practical implications
for solving realistic TSP instances. On the one hand, the unpre-
dictably complex parameter landscapes permit any meaningful

extrapolations, neither to instances of a similar size, let alone
to realistic instances. On the other, instances with thousands
of variables have been classically solved to provable optimal-
ity [9]—a regime simply not matched by near-term quantum
computing and tailored quantum algorithms. Instead, the TSP
constructions and their numerical study are to be understood
as proof-of-principles of our abstract pipeline, whose impact
will grow the better we understand the feasibility structure of
other, more challenging optimisation problems.

II. PREVIOUS WORK

The TSP is arguably one of the most prominent combinato-
rial optimisation problems and motivated the development of
several, more generally applicable classical frameworks. For
example, in their seminal paper [10], Dantzig, Fulkerson, and
Johnson already utilised cutting planes [11] and branch-and-
bound [12] methods. Bellman [13] developed the concept of
dynamic programming and studied its application to the TSP.
Also the Held-Karp algorithm [14], which enjoys the best
asymptotic worst-case runtime among all known classical ex-
act algorithms for the TSP, is based on dynamic programming.

In the field of quantum(-assisted) optimisation, the original
formulation of the QAOA by Farhi er al. [1] is arguably
the best-studied algorithm. It is universally applicable to
combinatorial optimisation. However, constrained problems,
such as the TSP, require a reformulation as (usually quadratic)
unconstrained binary optimisation problems (QUBOs) [15].
This reformulation technique predates the field of quantum
optimisation—for example, the QUBO formulation of the TSP
can be traced back to early works of Hopfield and Tank [16]—
but regained massive popularity due to the QAOA. Most
notably, Lucas [17] published a comprehensive list of QUBO
formulations for various combinatorial optimisation problems,
including Hopfield and Tank’s formulation that was previously
rediscovered by Warren [18]. More space-efficient encoding,
resulting in higher-order binary optimisation (HOBO) formula-
tions, have been discussed as well [19]. Especially the QUBO
formulation of the TSP has recently come under increasing
criticism due to well-documented shortcomings in QUBO-
based classical methods [20].



As a promising alternative for constrained problems, Had-
field et al. [2] enhanced the QAOA to directly incorporate con-
straints in a problem-specific mixer. They designed concrete
mixers for several problem classes, including the TSP, while
Ruan er al. [21] considered pre-compiling suitable QAOA
mixers for TSP. Alternative mixers, derived via similar group-
theoretical considerations as in this work, have been proposed
for the open-shop scheduling problem [22], containing the TSP
as special case. The group-theoretical treatment of constraints
complements the analysis in [23], studying the effect of
symmetries in the objective function on the QAOA dynamics.

Besides variational methods, there exist other hybrid and
quantum approaches to the TSP. Most notably, the application
of the closely related framework of quantum annealing has
been proposed [24], extensively studied [25], and fine-tuned
for the TSP [26]. Another interesting proposal encodes city
coordinates directly on the Bloch sphere of a single qubit [27].
Furthermore, Grover’s famous search algorithm [28] has been
adapted to the TSP, both, for feasible state preparation and sub-
sequent search [29], based on a generalised Grover oracle [30].
Bartschi and Eidenbenz [31], alongside their proposal of the
Grover-mixer QAOA, provided an efficient preparation routine
for the uniform superposition of all TSP states, rendering
Grover’s algorithm obsolete for this task. Their construction
can, despite the claims in [29], be extended to the more
compact HOBO encoding [32, Corollary 3]. More recently,
heuristic, non-uniform state preparation routines for the TSP
have been also discussed [33].

III. PRELIMINARIES

Throughout this article, we use the notational short-hands
log(n) := [logy(n)], as well as [n] .= {1,...,n} for n € N,
b := {0, 1} for the bit, and q := C? for the qubit. For = € b",
|| denotes its Hamming weight, i.e., the number of bits of x
set to 1.

A. Travelling salesperson problem

Abstractly, an instance of the Travelling Salesperson Prob-
lem (TSP) on n cities is defined on a complete weighted
digraph K,, = (V, E, w) (without self-loops) with |V'| = n and
edge weights w: E' — R+ . Feasible solutions correspond to
Hamiltonian cycles, i.e., cycles that visit every vertex exactly
once; K, has (n — 1)! such cycles. The goal is to find a
Hamiltonian cycle of minimum total edge weight.

Instead of the linear formulation used by Dantzig, Fulk-
erson, and Johnson [10], let us consider an alternative en-
coding which allows for a cleaner transfer to the quantum-
mechanical treatment. It was popularised by Lucas [17] for
the Ising/QUBO formulation of the TSP and utilises n? bits,
each indexed by the city u € [n] and the time ¢ € [n]. Then,
2y, = 1 means that city u is visited at time ¢. Accordingly, if
Tyt = Ty,t+1 = 1 (OF Ty, = Zy,1 = 1), the tour traverses the

edge (u,v) € E, giving rise to a quadratic objective function,
mapping n2-bit strings x to

n n n—1
S w(u,v) (:vu,nxv,1 +> :cu,txv,tH) )
u=1v=1 t=1

summing up the weights of all traversed edges. Note that not
all bit strings « € b™" are valid tours. We have to enforce
explicitly that each city is visited exactly once and that this
happens at distinct time slots:

Zx%t =1Vu € [n] and Zx“vt =1Vten.
t=1

u=1

Interpreting these n2-bit strings as n x n Boolean matrices, the
feasible solutions exactly correspond to permutation matrices,
i.e., matrices with exactly one 1 in each row and each column.
Especially, there are n! feasible assignments in this encoding
so that a single Hamiltonian cycle is necessarily represented
by more than just one bit string.

This approach effectively consists of two one-hot encodings
for city and time slot. It can be straightforwardly compactified
by encoding one of the indices in binary instead, reducing
the bit count to nlog(n) [19]. We choose here to keep the
one-hot time index and to assign visited cities in log(n)-
subregisters. For now, this complicates the evaluation of the
objective function, but will later result in fewer operations to
traverse the feasible solutions. Instead of checking two bits
Ty and w441, we have to check which values the two
log(n)-bit substrings x; and x; hold. Similarly, for every
u € [n], the first constraint has to evaluate all subregisters
@i, t € [n], and check that exactly one of them holds the
value of w in binary. Equivalently, feasible states are those
where the cities encoded in the time-subregisters form a valid
permutation of [n]. The second constraint becomes redundant
in this encoding, as every time ¢, by construction, carries
a visited city in its associated subregister x;. We already
remark that the complicated objective function will not have
any impact on our circuit constructions.

Both variants introduce a n-fold degeneracy for encoding
Hamiltonian cycles as bit strings, stemming from the fact that a
time coordinate introduces an artificial “starting city”, i.e., the
city visited at time ¢t = 1. Choosing any of the n cities along
a Hamiltonian cycle as starting city does not alter the cycle
itself, but corresponds to different bit strings. We can remove
this degeneracy by removing one city—say the n-th city—
and one time slot from the variable space, and by implicitly
connecting the cities visited at times ¢ € [n — 1] with this
city. In the twofold one-hot encoding, the resulting objective
function & maps (n — 1)2-bit strings x to

n—1 n—1n—2
Zw(n, U)Toy,1 +W (U, N) Ty p—1 +Z Zw(u, V) Ty 1 Lo 141
u=1 v=1 t=1

The two constraints stay the same, except that they only run
over [n — 1] in both indices. These changes to objective func-
tion and constraints are entirely analogous in the compactified
encoding.



B. Elementary group theory and the symmetric group

The encoded n-city TSP can be understood as an optimi-
sation over the symmetric group S, of all permutations of
n elements, or n — 1 elements if one starting city is fixed.
That is, each feasible solution x € [b"Q—resp. bnloe(n)_can
be uniquely identified with an elements o € S,,. The most
natural such identification is given via the representation of
Sy, on F3' as permutation matrices which, when flattened to an
array, exactly correspond to n2-bit strings, as discussed before.
For the nlog(n)-encoding, a similarly natural connection can
be established: identify a feasible nlog(n)-bit string & with
o € S, with bin(o(i)) = x; for all i € [n]. Special elements
of S;, which will become important later are the transpositions
7, € Sn with 4, j € [n] and i # j, exchanging the i-th and j-
th element. They have the useful property of being involutions,
i.e., it holds that T,Zj =id.

Another important, but more abstract concept is that of a
group action. The elements of a group G can act on a set X,
mapping elements from X again to X. One imposes that this
action respects the group structure of GG in the sense that for
all x € X, it holds that eg - © = x, where eq is GG’s neutral
element, and for all g,h € G, itis g- (h-z) = (gh) - z. A
group can also act on itself via (left or right) multiplication,
i.e., simply via g - h = gh for g,h € G. This self-action has
the important property of being (sharp) transitive: for every
h1,ho € G, there exists (exactly) one g € G so that g-hy = ho.

The last important concept is that of the permutation rep-
resentation of a group which is not necessarily .S,,. Given a
group G acting on a finite set X, one can consider the formal
C-span of X, (X)¢, consisting of formal C-linear combina-
tions of elements in X. Then, (X)c is a |X|-dimensional
complex vector space with a fixed reference basis provided
by the elements of X. The action of G’ on X can be naturally
extended to an action on (X)¢ simply via linear extension,

ie.,
g- Zazx = Zaxg-m.
rzeX zeX
By construction, this action respects the space’s linear structure
and therefore represents the elements of G as linear operators
on (X)c, which are, expressed in the natural reference basis,
simple permutation matrices.

C. Quantum combinatorial optimisation

The standard way of mapping combinatorial optimisation
problems with objective function ¢ : b — R to a (qubit-
based) quantum computer is to simply replace every bit with
a qubit and to introduce the diagonal objective Hamiltonian
C € L(g®™) via C'|x) = c(zx) |x). Then, by construction,
ground states of C' exactly correspond to (superpositions of)
minimisers of c. However, if the problem is constrained, such
as the TSP, the ground states of C need not correspond to
feasible solutions.

The arguably most prominent approaches for tackling com-
binatorial ground state search are Farhi er al’s Quantum
Approximate Optimisation Algorithm [1] and Hadfield ef al.’s

generalisation to the Quantum Alternating Operator Ansatz [2]
(QAOA). In a nutshell, an instantiation of QAOA prescribes an
initial state |¢), a depth p € N, and two parametrised quantum
circuits: the phase separator Up(vy) and the mixer Uy(5).
The (approximate) ground state search is then restricted to
the parametrised states of the form

1B:7) = Unm(Bp)Up(7p) - - - Um(B1)Up(11) [1)

and can thus be translated to a minimisation task over the 2p
parameters 3 = (81,...,0p) and v = (y1,...,7p)-

Usually, the phase separator is of the form Up(y) = e~
and is therefore itself diagonal in the computational basis
{|z) € ¢®™: x € b™}. For unconstrained or soft-constrained
problems', a common choice for the initial state and the mixer
is the combination of uniform superposition of all computa-
tional basis states |t) = |+) and Un(B8) = e *#B, where
B is the m-fold sum over all single-qubit Pauli-X operators.
|+) is the unique ground state of —B. For (hard-)constrained
problems with feasible set F' C b™, Hadfield et al. require the
mixer to leave the feasible subspace F = span{|z) : © € F'}
invariant and to provide transitions between all pairs of feasi-
ble states. The latter condition is formalised as

inC

Ve,ye F 3reNIFeR: (x|Uy(B)ly) #0. (1)

Note that since the usual phase separator is diagonal in the
computational basis, it trivially leaves the feasible subspace
invariant. Therefore, choosing a feasible initial state |¢) € F
effectively restricts all parametrised states |3, <) to the feasible
subspace.

Note that, in the language of Subsection III-B, q®™ is
nothing but the formal C-span of b™ with its computational
basis as natural reference basis. Analogously, the feasible
subspace F may be viewed as the formal C-span of the
feasible subset F' with the feasible computational basis states
as reference basis elements.

We conclude the preliminaries with (a simplified version of)
Hadfield et al.’s mixer construction for the TSP. They consider
the n2-encoding of the TSP, but their construction can be
readily adapted to the more compact nlog(n)-encoding. First,
for an unordered pair of times {s,t} and an unordered pair of
cities {u, v}, define the swap partial Hamiltonian

HPS,{s,t},{u,v} = SISS;tS;tS;s + S;ssv_,tSItSIs

with St = [1X0] and S~ = |0)1|. This Hamiltonian
clearly swaps cities u and v between time slots s and t.
Hence, Hps ¢ {uv} = Hps {t,t41},{u,0} SWaps cities u and v
between subsequent time slots ¢ and ¢ 4 1. By summing over
all unordered city pairs {u,v}, we obtain Hps;, swapping

'A soft constraint enters as penalty term within the objective function.
Assignments violating a soft constraint are still considered feasible, but—
depending on the penalty’s magnitude—might have worse objective values
than strictly feasible solutions in the narrower sense.



whatever cities are visited on subsequent time slots ¢ and ¢+ 1.
The sequential ordering swap mixer is now defined as

H G*IBHPS t

Hadfield et al. also consider the simultaneous version of
Useq-ps With an exponentiated sum of swap operators instead
of a product of individually exponentiated swaps. Since Hps s
and Hpg ¢ do not commute if |t — s| = 1, these two notions
are not equivalent.

seq PS

IV. METHODS

As a consequence of the adiabatic theorem, the original
QAOA for unconstrained problems is guaranteed to reach the
optimum in the limit of p — oo [1]. That is, for every € > 0,
there exists a p € N and a parameter vector (3,~) € R??
so that |[(3,~]z*)| > 1 — ¢, where * € b" is the problem’s
optimal solution. This even holds true when there are multiple
optimal solutions [8]. This asymptotic reachability guarantee
can be extended to the QAOA for constrained problems by
demanding stronger mixing properties [22]. However, these
guarantees are of little practicality; neither can current quan-
tum devices execute such deep circuits reliably, nor would their
execution result in practical runtime advantages. As a recourse,
we formulate here the concept of exhaustively parametrised
quantum circuits with non-asymptotic reachability guarantees.

Definition 1. [34, Definition 5.9] Let COP be a combina-
torial optimisation problem with feasible subset F' C b™.
A parametrised quantum circuit V(0), 8 € RY, is called
exhaustively parametrised if for every @ € F' there exist
parameter values 6, so that [(x|V(0;)|0)] = 1.

Especially, every optimal solution |z*) can be exactly
reached by applying V(60.-) once to |0), which in sharp
contrast to the usual asymptotic guarantee. The choice of |0) as
universal initial state is not restrictive, as any state preparation
unitary can be absorbed into V().

Definition 1 deliberately does not restrict the parametrised
states to the feasible subspace. We introduce this as a separate
definition, although all examples constructed in this work
conform to both requirements.

Definition 2. [34, Definition 5.9] Let COP be a combina-
torial optimisation problem with feasible subset F' C b™.
A parametrised quantum circuit V(8), 0 € R4, is called
feasibility-respecting if for every © € b™\ F and every § € R?
it holds that (x|V'(0)]0) = 0.

Next, we formulate a central ingredient for constructing
exhaustively parametrised circuits for problems with group-
based constraints, such as the TSP.

Definition 3. [35, Definition 5.1] Let G be a group and d € N.
A sequence (h;);c(q € G* is a generating sequence (for G) if
for every g € G, there exists b € b? so that g = hgd e hgz hlfl.

That is, unlike in the usual notion of group generators,
elements within a generating sequence have to be applied in

a fixed order and occur with a fixed multiplicity. We give
concrete examples for generating sequences for the symmetric
group S, in the Section V.

For now, consider a generic problem COP with feasible set
F C b™ and a group G acting on F'. The bit-to-qubit mapping
for COP naturally yields the formal C-spans of b (q®™) and
F (F) and hence a permutation representation of G on F.
As permutation matrices, they are especially unitary and can
extended to unitaries on q®™, i.e., to valid m-qubit quantum
gates. For us, it will not be important how the extended
representations act outside of the feasible subspace, so that we
may pick whatever extensions is easiest to implement. Every
such unitary extensions readily leaves the feasible subspace
invariant.

As a final ingredient, we require a simple, well-known
identity for involutory operators. Let A € L£(q®™) be a (not
necessarily unitary) involution, i.e., it is A2 = 1. Then, it
holds for every 6 € R that

o0

e—iGA . (_i)2j92jA2j > (_i)2j+192j+1A2j+1
o 2! 2j+1)!
j=0 j—O
o0
3921 192J+1
= —1 Z 2J+1
j=0

= cos(f) — zsm(G)A. (2)

We are now in the position to state and prove our main
abstract result.

Theorem 4. Let COP be a combinatorial optimisation problem
with feasible subset F' C b™, let G be a group acting
transitively on I, let (hi)ie[d] € G? be a generating sequence
for G of involutions, and, for every i € [d], let H; € L(q®™)
be the involutory unitary so that H;|r is the permutation
representation of h;. Then, for every unitary W € L(q®™)
with W |0) o |x) for some x € F, the unitary

V(0) = e~ 0ata ...

o—i02Hz ,—i01 Hiyy7
is an exhaustively parametrised, feasibility-respecting quan-
tum circuit for COP.

Proof. Since h; is an involution, so is its permutation rep-
resentation h; € L(F). Therefore, each h; can be extended
to a involutory unitary H; € L(q®™)—e.g., canonically by
H;|z. = 1. Now, fix * € F and let y € F be arbitrary.
Since G acts transitively on F', there exists some g € G so
that g-x = y. By the definition of a generating sequence, there
exists b € b? so that g = hlc’ld -~ h52h5. As shown in (2), H;
being involutory implies that e =" = cos(#)1 — isin(0)H;
for all & € R. Especially, it holds that ¢=*%: = 1 and

e”"™Hi/2 — [, Let 0, = 7b/2, then
V(0y) [0) = (—iHa)" - - (=iHa)" (=iH1)" W |0)
= (=)ol Hb L R ED |2) = ¢ (—i) P |y) .

That is, [(y|V (8y)[0)| = |e*(—4)/®! (y|y)| = 1. Furthermore,
since 1 and all H;, i € [d], leave ]-' invariant, and W |0) € F,
V() is readily feasibility-respecting. O
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Fig. 2. Abstract pipeline for constructing an exhaustively parametrised, feasibility-respecting quantum circuit from a transitive group action on the feasible
set F© C b". Central to this construction is the existence of a generating sequence of involutions, whose elements can be represented as m-qubit operators.
Exponentiating these operators, introducing real parameters in the exponent, and prepending the state preparation of some feasible computational basis state

|x), completes the construction.

Theorem 4 establishes an abstract pipeline for obtaining
exhaustively parametrised, feasibility-preserving quantum cir-
cuits for problems with a group acting transitively on their
feasible subset and for which a generating sequence of invo-
lutions is known. This pipeline is also schematically depicted
in Figure 2. Importantly, it only ensures exact reachability and
not that the parameters realising any optimal solution can be
found efficiently.

Before deriving concrete examples in Section V, let us
first make the general case more practical. Suitable unitaries
W that prepare the initial feasible state |x) can be simple
Pauli-X layers, applying a bit flip to the ¢-th qubit whenever
x; = 1. Furthermore, since e **Hi is 2m-periodic in 0,
and e H0+mH: — o—i0H: — _oi0H: the parameter range
for 6 can be effectively restricted to [0,7). Moreover, note
that the pipeline does, unlike the QAOA, not feature the
concept of a phase separator at all, but solely focusses on the
feasibility structure. This makes it simpler to transfer a con-
struction between problems with similar feasibility features,
but different objective functions, and protects against more
complicated objective functions incurred by a denser encoding,
as presented for the TSP. Lastly, recall the standard circuit
construction for implementing an exponentiated involutory
unitary U € L£(q®™) using one ancilla qubit. The circuit is
depicted in Figure 3. Concretely, if U is not only unitary, but
also an involution, then

eV = (0] H® 1)C(U)(Rx(20) @ 1)c(U)(10) ® 1)

That is, the parametrised exponential can be implemented
with an additional |0)-initialised ancilla qubit and with two
Hadamard gates, a parametrised rotational X-gate and two
controlled versions of U.

V. RESULTS

We present now two concrete constructions of exhaustively
parametrised circuits for the TSP. Both will follow the ab-
stract pipeline established by Theorem 4 and the subsequent
comments. Consider an n-city instance in either the twofold

one-hot encoding or the more compact n log(n)-encoding. For
simplicity, we stick to the non-reduced case with n! (instead
of (n — 1)!) feasible solutions, but the reduced case follows
the same logic. The feasible solutions directly correspond to
the elements S, e.g., via the identification of n2-bit strings
with n X n permutation matrices or the interpretation of
nlog(n)-bit strings as one-line notations of permutations in
binary. Symbolically, any of these identifications establishes
a bijection €: S,, — F, where F' is the set of feasible bit
strings. The (sharp) transitive group action of .S, on itself via
left multiplication thereby extends to a (sharp) transitive action
on F via 0 - x = e(oe 1 (x)), where z € F and 0 € S,,.

As the initial feasible state we may, without loss of general-
ity, choose the bit string representing the identity permutation.
In the n’-encoding, it is given by x;; = 1 and x;; = 0
for all 4,5 € [n] with ¢ # j. Preparing this state from |0)
thus requires n Pauli-X gates. In the nlog(n)-encoding, the
bit string is given by x; = bin(i — 1) for all ¢ € [n]. This
requires the application of ~ nlog(n)/2 Pauli-X gates to |0),
since the average Hamming weight of the first n integers’
binary representations is log(n)/2.

A. Bubble sort sequence

The given transitive group action on the feasible set of
the TSP is somewhat natural. However, there is no canonical
candidate for a generating sequence of involutory elements.
Our first example is derived from the (optimised) bubble sort
algorithm [36]. Bubble sort iterates through an array of length
n element by element, comparing neighbouring values and
swapping them if they are in the wrong oder. It repeats this
procedure, skipping comparison with the last element since
it is already it is necessarily already at the correct position.
That is, the second iteration effectively operates on an array of
length n — 1. In each iteration, the effective length reduces by
one, until it reaches 0, meaning that the entire array is sorted.
In summary, the ¢-th iteration consists of n — ¢ adjacency
comparisons and subsequent conditional swaps. On an abstract
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Fig. 3. Implementation of =%V where U is a Hermitian unitary.

level, and by reorganising the iterations ¢ — n — ¢, bubble sort
is able to apply all the permutations

n—1
[T (7 oom). )
=1

where 7; := 7;;41 is an adjacency transposition, and the
bits b;;, ¢ € [n — 1] and j € [i], determines whether
two neighbouring elements 5 and j + 1 are swapped in the
i-th iteration (b;; = 1) or not (b;; = 0). That bubble
sort can sort every possible input array—or, equivalently,
can invert every possible permutation of an initially sorted
array—corresponds exactly to the fact that the bubble sort
sequence of adjacency transpositions in the order given by (3)
is a generating sequence for S,,. We denote the bubble sort
sequence for S,, by A,, and observe that

A, =220 e O(n?). )

Its elements are involutions so that Theorem 4 is applicable.
Furthermore, by fixing a starting city, we can simply exchange
n with n — 1 in the above derivation.

Let us further discuss the representation of 7;, ¢ € [n], as
m-qubit operator, where m € {n? nlog(n)}. In both cases,
7; also acts naturally on b™ (and not only the feasible subset)
by swapping the i-th and (i + 1)-th substrings.” Defining
r = m/n € {n,log(n)}, the i-th substring consists of
the = bit positions (¢ — 1)r + 1,...,4r . That is, 7; acts
as 7 individual, disjoint transpositions of bit positions. Each
of these corresponds to a SWAP-gate on the m-qubit space,
yielding the representation of 7; as

i

A ir+k

#=1] SUEHALE (5)
k=1

By indexing the qubits in “column-major” format, i.e., by
distributing the i-th subregister over the qubits (k — 1)n + i,
k € [r], all SWAP-gates only act on nearest neighbours in an
m-qubit chain. However, implementing the parametrised expo-
nentials e~*" via the circuit construction shown in Figure 3
requires one additional ancilla qubit with full connectivity to
all other qubits, or, alternatively, m — 1 ancilla qubits, each
of which is connected to two subsequent data qubits. The
controlled version of 7; decomposes into the r-fold product of
controlled swaps—i.e., Fredkin gates—where the target qubits
are nearest neighbours.

2To be more precise, swapping subregisters in the nlog(n)-encoding
corresponds to a right action. For the reachability argument, this is not
important, as also right self-actions of groups are transitive.
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Fig. 4. Qubit connectivity required for implementing the exhaustively
parametrised quantum circuit based on the bubble sort sequence. The m data
qubits, encoding the TSP solutions, can be aligned on a chain. The ancilla
qubit, serving as control for the Fredkin gates, has to be connected to all
m data qubits. Alternatively, one can introduce m — 1 ancilla qubits, each
connected to two contiguous data qubits.

Corollary 5. For the n-city TSP, there exists an exhaustively
parametrised quantum circuit with (n — 1)(n — 2)/2 parame-
ters, even on star-augmented nearest-neighbour architectures
(see Figure 4).

B. Binary insertion sequence

Among generating sequences, only containing adjacency
transpositions, the bubble sort sequence is already of optimal
length.> However, we can find shorter generating sequences,
containing also other involutions than adjacency transposi-
tions. Our construction relies on grouping together disjoint
(non-adjacency) transpositions so that their product is again
an involution. The approach is similarly inductive on n as the
construction of the bubble sort sequence A,,. The latter arises
from A, _; by embedding it into .S,, via the index increment
(i) =o(i—1)+1and 6(1) = 1 for o € S,,_1, and by
subsequently appending the n — 1 adjacency transpositions
Ti € Sp, @ € [n — 1]. These n — 1 additional elements ensure
that 1 can be mapped to every other position j € [n] \ {1}.
However, by grouping together multiple transpositions in a
single permutation and by sacrificing adjacency, one can
achieve the same with less elements.

Lemma 6. Let (p;);c[ be a generating sequence for S, 1
and define, for { € [log(n)), 7y € S, so that m,(j) = j+2¢1
and my(j+2°71Y) = j for all j € [min{n—2"1 2°~1}]. Then,
(P15 Pts 1,y Tlog(n)) IS a generating sequence for S,,.

Proof. Let § € S, be arbitrary and let p € b'°5(™) be the
binary representation of (1) — 1. Furthermore, define the

permutation 7P == 75" ... 7”1 We claim that
log(n) 1

(=) 7'8) ) =1. ©)

3Especially, the element y € Sy, with u(i) = n+ 1 — i for all i € [n]
has to be generated. In the language of inversion numbers [37]: p has
inversion number n(n — 1) /2, while id has inversion number 0. Multiplying
a permutation with an adjacency transposition increases or decreases its
inversion number by 1. Hence, reaching p from id only with multiplications
by adjacency transpositions requires at least n(n — 1)/2 of them.



Provided (6) holds, (p;)c being a generating sequence for
S,_1 implies that there exists g € b* so that

ﬁgt...ﬁm_( ) 5:>6—

Since 8 € S,, was chosen arbitrarily, this already proves the
assertion. O

plog(n)
log(n

D1 ~qt q1
/n'l pt ...p1 .

In summary, Lemma 6 establishes that generating sequences
for S,,_1 can be extended to generating sequence for S,, with
only log(n) additional elements. In addition, these elements
are involutions. Starting from the empty sequence (), which is
(by convention) generating for S; = {id}, we can now simply
apply Lemma 6 n—1 times in order to obtain a sequence =,,—
which we name binary insertion sequence—for S,, of length

|Z5] —Zlog

only consisting of involutions. Therefore, Theorem 4 is again
applicable. Notably, since the n-city TSP has O(n!) feasible
solutions, it follows from Stirling’s formula that the length of
=, is asymptotically optimal.

We again discuss the representation of the sequence el-
ements 7. They are comprised by min{n — 2¢=1 21}
individual, disjoint transpositions 7; ; o¢-1. Analogous to the
adjacency transpositions, each of those will be represented as
a subregister swap, i.e., by an r-fold product of SWAP-gates.
Since the transpositions 7; ;4oe-1 act on mutually distinct
elements, their fully decomposed representation consists of
rmin{n — 2¢71, 271} disjoint SWAP-gates:

€ O(nlog(n)), @)

min{n—2¢"12¢11

{—1 r
Fp = H H SWAP%*?V S ®

Since the elements 7, in =,, do not correspond to adjacency
transpositions anymore, it requires better qubit connectivity
than the one depicted in Figure 4, which suffices to implement
the bubble sort version.

Corollary 7. For the n-city TSP, there exists an exhaustively
parametrised quantum circuit with log(2) + ... + log(n)
parameters.

C. Numerical comparison

After having established exact reachability guarantees for
the circuits based on the bubble sort and the binary insertion
sequence, we numerically study how well their parameters
can be optimised for a concrete example. We consider a
9-city TSP instance whose weight matrix can be found in
the companion code base. Using the nlog(n)-encoding, we
require (9 — 1)log(9—1) = 24 qubits for representing
the instance, effectively reducing the number of cities to
n = 8. We benchmark our two constructions against the
QAOA with Hadfield el al’s TSP mixers and the standard
phase separator. For our proof-of-principle, we assume all
qubit and circuit components to be noiseless, all qubits to be
fully connected, and work with exact expectation values rather

than sample-based approximations. We conduct the simulation
using Ziegler’s low-level quantum simulator Orkan [38].

Recalling our two constructions for the TSP, one can easily
verify that both circuits, despite differing numbers of param-
eters, have the exact same circuit length. The binary insertion
sequence simply groups together multiple transpositions in
one element. One QAOA layer, in turn, contains only n — 1
exponentiated transpositions and the phase separator. As a
benevolent assumption, we assume the phase separator to have
the same circuit length as one exponentiated transposition.
Hence (n —1)/2 QAOA layers have roughly the same circuit
length as the two exhaustively parametrised circuits with
their n(n — 1)/2 exponentiated transpositions. Prescribing
the circuit length in the above fashion, the QAOA thus has
n — 1 variational parameters, the binary insertion circuit has
log(2)+...+log(n) parameters, and the bubble sort circuit has
n(n — 1)/2 parameters. The parameter optimisation is carried
out by the COBYLA optimiser [3], a pseudo gradient-based
optimiser. For all three methods, the objective Hamiltonian’s
expectation value serves as the objective to be optimised
and recorded. If the numerical gradient of several subsequent
iterations falls short of a small, predefined threshold, we
terminate the procedure.

Figure 5 depicts the curves of obtained expectation values,
normalised by the optimal value to yield approximation ratios.
Besides our two exhaustively parametrised circuits, we tested
QAOA with two different initial states: a single feasible
computational basis state and the uniform superposition of all
feasible states. For the chosen instance, both QAOA variants
fail to deliver notably improved approximation ratios, while
the two exhaustive constructions perform significantly better.
The bubble sort-based circuit plateaus at an approximation
ratio around 0.83, while the circuit based on binary insertion
even reaches a value of roughly 0.91. That is, despite the exact
reachability guarantee of both circuits, the optimal parameters
are (unsurprisingly) not found by the (local) optimiser. We
attest the better performance of the binary insertion-based
variant over the bubble sort version to the former’s lower-
dimensional parameter space, allowing the optimiser to navi-
gate more efficiently.

VI. CONCLUSION

In this work, we have introduced the concept of exhaustively
parametrised, feasibility-respecting quantum circuits, which,
by design, are able to exactly reach all feasible solutions
of a given optimisation problem with finitely many parame-
ters, including optimal states, while avoiding infeasible states
entirely. These non-asymptotic reachability guarantees are
unmatched by generic QAOA circuits. We have further estab-
lished an abstract pipeline for promoting a transitive group
action on a problem’s feasible set to such an exhaustively
parametrised, feasibility-respecting circuit. The construction
is centred around the simple, yet powerful group-theoretical
concept of generating sequences. We showed that generating
sequences yield natural candidates for highly expressive quan-
tum circuits. Additionally demanding the sequence elements
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Fig. 5. Approximation ratios obtained after each COBYLA iteration, using
different parametrised quantum circuits on a 9-city TSP instance. The QAOA
with Hadfield er al.’s mixers was not able to significantly improve initial
state’s approximation ratio, neither if a single computational basis state, nor
the uniform superposition of all feasible states, was used. In contrast, the
exhaustively parametrised circuit based on bubble sort was able to push the
initial ratio of =~ 0.60 to 0.83, while the construction based on the binary
insertion sequence even reached a final approximation ratio of 0.91. Not
depicted here: the bubble sort-inspired approach did not terminate before 2300
steps, but was not able to significantly improve its approximation ratio during
this long runtime. In contrast, the binary insertion variant and the QAOA
initialised in a single computational basis state terminated after roughly 600
steps. The QAOA with uniform initial state already terminated after roughly
150 iterations, but failed to deliver a high-quality approximation ratio.

to be involutions allows us to continuously parametrised
these circuits, reproducing exact application or omission of
individual sequence elements.

For the n-city Travelling Salesperson Problem (TSP), whose
feasible set can be naturally identified with the symmetric
group S,, we have introduced two concrete classes of ex-
haustively parametrised, feasibility-respecting circuits. Both
are based on the (sharply) transitive group action of S,, on
itself, and only differ in the chosen generating sequence. The
first example consists of O(n?) adjacency transpositions and
is inspired by the bubble sort algorithm. The second example
is more involved, but only contains O(nlog(n)) elements,
drastically reducing the number of parameters necessary for
exact reachability.

As a proof-of-principle, we have tested both constructions
against the QAOA with established TSP-mixers on a 9-
city instance. For our concrete example, we observed im-
proved performance of both exhaustively parameterised cir-
cuits over a 7-layer QAOA circuit. Moreover, the circuit with
O(nlog(n)) parameters performed notably better than the
bubble sort-based circuit with its O(n?) parameters, which
we attribute to the classical solver’s ability to navigate better
in lower-dimensional parameter spaces. However, none of the
two methods was able—despite the theoretical reachability
guarantee—to recover the optimum exactly. This underscores
once more that reachability does not imply efficient trainabil-
ity. Ultimately, our proof-of-principle does not substitute for
extensive benchmarking, and the investigating the implications
of exact reachability to the selection and adaptation of the
classical solver remains an interesting open research question.

We highlight that the pipeline utilised to find concrete
circuits for the TSP is general enough to be applicable to other

problems as well. Abstractly, any group acting transitively on
a problem’s feasible set and has a generating sequence of
involutions can be promoted to an exhaustively parametrised,
feasibility-respecting quantum circuit. A promising research
direction will be to identify such group actions for other,
more challenging combinatorial optimisation problems and
to apply the pipeline to those problems. Here, versions of
facility location problems and vehicle routing seem to have
richer symmetries in their feasible sets than packing problems.
Possible applications of our framework also arise when a group
action only covers part of the feasible set. In such cases,
the pipeline might be enhanceable by additional, conditional
operations to complete coverage of the entire feasible set.

APPENDIX

Proof of (6). For ¢ € [log(n)], define «? := 7} --- 7" so
that 7}’ «(n) = TP We prove that

14
mp(1) =) p27 +1
i=1

for all ¢ € [log(n)] via (finite) induction on ¢. For ¢ = log(n),
we then obtain that

log(n)

(1) = > p27t+1=p(1)—1+1=p(1),
=1

since p is the binary representation of 5(1) — 1. This identity
already establishes (6) via multiplication with (7wP)~! from
the left.

Base case. Let £ = 1. Then it is 7} (1) = 77" (1). Since
min{n — 271,271} = min{n — 1,1} = 1 for all n > 2, it
is m1(1) =2, m(2) =1, and 7;(j) = j for all j > 3. Hence,

1
() =14+pl=p2°+1=) p2" ' +1
i=1

Induction step. Let £ > 1 and assume that
-1

mp (1) =) pi27 41
i=1

holds. If py = 0, then the claim is trivially true also for /.
Therefore, consider only the case of p, = 1. It is

{—1

i=1
where we have already used the induction hypothesis. Observe
that jo < 2¢~1 (with equality only if p; = 1 for all i € [(—1]).
Furthermore, it is

¢
Jo+27 =jo+p2 =) p2t +1=p(1) <n.
i=1
In summary, jo < min{n — 2¢=1, 2¢=1}, so that 7, acts non-

trivially on jo by incrementing it by 2! = p,2¢~1, yielding
the correct result. O
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