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Abstract

We give elementary proofs of the following two theorems on automorphisms of a finite group G: (1)
An automorphism of G is inner if and only if it extends to an automorphism of every finite group
containing G. (2) There exists a finite group, whose outer automorphism group is isomorphic to G.
The first theorem was proved by Pettet using a graph-theoretical construction of Heineken—Liebeck.
A Lie-theoretical proof of the second theorem was sketched by Cornulier in a MathOverflow post.
Our proofs are purely group-theoretical.
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1 Introduction

An automorphism « of a group G is called inner if there exists some g € G such that a(z) = gzg~!

for all x € G. If G is a subgroup of a group H, it is clear that g still induces an (inner) automorphism
of H. In 1987, Schupp [27] has shown conversely that inner automorphisms are characterized by this
property, i.e. if @ € Aut(G) extends to every group containing G, then « is inner. According to [§],
this has answered a question of Macintyre. The question was asked again much later by Bergman [I} p.
93], who obtained a partial answer in the language of category theory. Using free products and small
cancellation theory, Schupp constructs for a non-inner o € Aut(G) an infinite group H such that «
does not extend to H (if G is countable, the construction is already contained in Miller—Schupp [23]).
One may asks whether inner automorphisms of finite groups G are characterized by the property that
they extend to all finite groups containing G.

The first step in this direction was a paper from 1974 of Heineken—Liebeck [13], who constructed a
finite p-group P such that the image of the canonical map Aut(P) — Aut(P/Z(P)) is isomorphic to G.
Their construction relies on a variation of Frucht’s theorem on the automorphism group of graphs, and
requires a treatment of special cases. Using more advanced graph theoretical theorems, Lawton [20]
came up with a shorter proof. Subsequently, Webb [28] has refined the construction (again at the cost of
more graph theory) to obtain a special p-group P (that means P’ = Z(P) = ®(P) is elementary abelian)
with the desired property (see also Hughes [14]). Only after Schupp’s paper, Pettet [24] noticed in 1989
that this result implies Schupp’s theorem for finite groups (and more restricted families of groups).
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In the same paper, he also obtained the dual statement for factor groups (see the theorem below).
Eventually, Pettet [25] gave a new proof of Schupp’s original theorem with the same graph theoretical
approach. An alternative construction of P was established by Bryant—Kovacs [4] in 1978 making use
of Lie theory (see also Huppert-Blackburn [16, Theorem VIII.13.5] and Hartley—Robinson [12]).

The first objective of this paper is to provide a new elementary proof of the following theorem, which
avoids small cancellation theory, graph theory and Lie theory.

Theorem (PETTET). For every automorphism « of a finite group G the following statements are
equivalent:

(1) « is an inner automorphism.
(2) « extends to every finite group containing G.

(8) « lifts to every finite group G such that G/N > G for some characteristic subgroup N < G.

The strategy is to replace the p-group P in [13] by a semidirect product N = @ x P, where @ is an
elementary abelian ¢-group and P is a p-group of nilpotency class 2. In contrast to the papers cited
above, we do not make an effort to minimize V.

Our second objective concerns the inverse problem on automorphism groups. By a theorem of Leder-
mann-Neumann [21], there exist only finitely many finite groups with a given automorphism group (for
an elementary proof see [26]). However, not every group actually occurs as an automorphism group.
For instance, it is a popular (and easy) exercise that a non-trivial cyclic group of odd order cannot be
an automorphism group. The situation changes if we instead consider the outer automorphism group
Out(H) := Aut(H)/Inn(H) of groups H. Indeed, Matumoto [22] proved that for every group G there
exists a group H such that Out(H) = G (for finite G this was established earlier by Kojima [19]).
Similar to Schupp’s paper, the construction of H is based on an HNN-extension and yields infinite
groups. In later work, it was shown that H can be chosen to be locally finite, finitely generated (if G
is countable), metabelian or simple (see [3, 5 11} [7]). Problem 16.59 in the Kourovka Notebook [18]
has asked if H can be chosen finite when G is finite. This was answered in 2020 by Cornulier on
MathOverflow [6].

Theorem (CORNULIER). Every finite group is the outer automorphism group of some finite group.

His proof uses Lie algebras and is not easy to follow as it is written backwards. In we present
a purely group-theoretical proof based on Cornulier’s ideas. As in Pettet’s theorem, the idea is to
construct a semidirect product P x (), but this time () is abelian and P is a p-group of exponent p
with a certain nilpotency class. Our group is slightly smaller compared to Cornulier’s construction.

The construction of our group has already been used by Entin—Tsang [9] to prove that every finite
group is isomorphic to the normalizer quotient of a subgroup of a symmetric group.

2 Characterizing inner automorphisms

Our first lemma is a prototype of

Lemma 1. Let G be a group acting faithfully on a cyclic group N. Then every automorphism of
G := N x G normalizing N, centralizes G /N.



Proof. We identify N = (z) and G with the natural subgroups of G. Letac Aut(é) normalizing N.
For a fixed g € G there exist s,t € Z with grg~! = 2° and a(z) = 2!. Hence,

gatg~h =2 = a(z)’ = a(z®) = a(gzg™") = alg)z'a(g) .

Since G acts faithfully on N = ('), we obtain a(g) = g (mod N) as desired. O

In the following we develop some elementary facts of finitely presented groups. For elements z1, x2, . ..
of a group G we define commutators by [z, ze] = x12927 'ag ! and [xy, ..., xx] i= [21, [xa, ..., z]] for
k > 3. The commutator subgroup of G is denoted by G’.

Lemma 2. Let p be a prime and a,b € Z. Then

Pi=(z,y|[z,2,y =[y,2,y =1, a¥ = [z,9% ¢y = [2,9]")

is a non-abelian group of order p3.

Proof. The commutator relations show that P has nilpotency class < 2, i.e. P’ < Z(P). Hence,
[z,y]P = [2P,y] = 1 and |P’| < p (see [15, Hilfssatz I11.1.3]). It follows that |P| < p3. To complete the
proof, we construct a group of order p? realizing the given relations. Suppose first that p = 2. If ab is
even, then P = Dg and otherwise P = Qg. Thus, let p > 2. If a = b =0 (mod p), then the extraspecial
group of exponent p fulfills the relations as is well-known. Now let p t a and @’ € Z such that aa’ = —b
(mod p). For ¢/ := 2%y we compute

’ ) (p , )
(Y )P = 2P yPly, z* ](2) = 2P yP = [z, y]" +b_q

and [z,y'] = [z,y] by [15, Hilfssatz I11.1.3|. Hence, replacing y by 3’ leads to b = 0. This remains true
when we replace y by y~%. Then 2P = [z, y]~! = [y, 2] and

2 — ~
P (zy|a? =y =1, yay ' =2'tP) =,

2 X Cp. O
Lemma 3. Let F be the free group in the free generators x1,...,x,. Let c1,...,c, € F'. For a prime
p, let P be the group generated by x1, ..., x, subject to the relations xf' = ¢; and [v;,z;, ] = 1 for all
1<i,j,k <n. Then P/P' is an elementary abelian p-group with basis {z;P' :i =1,...,n} and P is

n+1
an elementary abelian p-group with basis {[x;, z;] 1 1 < i < j < n}. In particular, |P| = p( 2)

Proof. 1t follows from 2 = ¢; € P’ that P/P’ is an elementary abelian p-group generated by {z; P’ :
i=1,...,n}. Since [z;,z;,zx] = 1 for all 4, j, k, P has nilpotency class < 2. Hence, [zy, 2] = [z, 2][y, 2]
and [z,yz] = [x,y][z, 2] for all z,y, z € P (see |15, Hilfssatz I11.1.2]). In particular, [z;, z;]P = [z}, ;] =
[ci, x;] = 1. This shows that P’ is an elementary abelian p-group generated by {[z;, z;] : 1 <i < j < n}.

Suppose that x := Hi<j [xi, 2]% =1 for some integers 0 < a;; < p — 1. We fix ¢ < j and consider the
free group Fy generated by y; and y;. Let ¢ : F' — F be the homomorphism defined by

o) = {yk if k € i, 7},

1  otherwise

for k=1,...,n. Set

Py = (yi, i | [Yi,vi, 5] = g, v 93] = 1, vi = ¢(ci), v = ¢(c))-



As elements of Py, ¢(c;) and ¢(c;) are (possibly trivial) powers of [y;,y;]. Thus by P is a
non-abelian group of order p3. Since every relation of P in the x}, is satisfied by a relation of P, in the
Yk, ¢ factors through a homomorphism @ : P — P». It follows that [y;,y,]* = @(x) =1 and a;; = 0.
This shows that the commutators [x;, z;] with i < j are linearly independent, so they form a basis of
P'. Now let z :=[[;", {" € P’ for some 0 < a; < p— 1. Then

n

1=[zy,2] = H[fvl,azi]‘“

1=2

and a; = 0 for i = 2,...,n. Similarly, we obtain a; = 0. Therefore, P/P’ has rank n as claimed. Finally,
n n+1
[P| = |P'||P/P'| = pla)+n = p("s7). O

Theorem 4. For every ﬁmte group G there exist primes ¢ > p > |G| and a ﬁmte {p, q}-group N such
that every automorphism of G := N x G induces an inner automorphism of G/N ~G.

Proof. Without loss of generality, we assume that G # 1. Let p > |G| be a prime. Let z1,...,2, € G
be a generating set of G not containing 1. Let P be the p-group with generators {vy, : ¢ € G} and
relations

n
[Ug,’Uh,Uk;] = 13 H 'Ugyvg:vl

for all g, h,k € G. By P/P’ is elementary abelian of rank |G| and P’ is elementary abelian
with basis [vg,vs] where g < h for some fixed total order on G. For a fixed g € G, the elements
{vgn + h € G} fulfill the same relations as the vj. Thus, there exists an automorphism ¢, € Aut(P)
with g4 (v) = vgn, for all h € G. This gives rise to a regular action ¢ : G — Aut(P), g — ¢q.

By an elementary special case of Dirichlet’s theorem (see [10, Theorem 3.1.12]), there exists a prime ¢
such that p | ¢ — 1. Let @ be the elementary abelian g-group with basis {w, : g € G'}. Let wy — wg be
an automorphism of order p of (wy). For g € G, define v, € Aut(Q) by

¢ .

wg ifh=g,

Yolwn) == ¢ 7 (h € G)
wyp ifh#g.

Let v : P — Aut(Q), vy — 4 be the homomorphism with kernel P’. This gives rise to the semidirect
product N := @Q x P with Z(N) = P’. As usual, we identify P and @ with the natural subgroups of
N. Then vgwhvg_l = 7g4(wy) for all g, h € G. Again, we have a regular action ¢ : G — Aut(Q), g — 1y
with 14 (wp,) = wgp. Moreover, ¢ and 1 are compatible in the sense that

P (0n) g (i) g () ™" = Vgnwervyy = Yon(wgr) = g (yn(wr)) = b(vnwrv, ')

for all g, h, k € G. In this way, G acts faithfully on N. As before, we identify G and N with subgroups
of G := N x G. Then gupg~' = vgp and quwpg~t = wgy, for g,h € G.

Now let o € Aut(@). Since ¢ > p > |G|, @ normalizes the normal Sylow g-subgroup @, the normal Hall
subgroup N, and in turn Z(N) = P’. By the Schur-Zassenhaus theorem, there exists some y € N such
that o(G) = yGy~' (we do not require the Feit-Thompson theorem, because N is solvable). Since y
centralizes G /N, we may compose o with the inner automorphism induced by y~!. Then o normalizes
G. Next, we consider the action of o on

N/P'% ><<wg»vg> (Cq NC)‘G|'
geG



It follows from
|Covypr((v1) P)| = [Coyypr (w1 P)| = pllgl o1
1

that a(v1) € (vg, wy) P’ for some g € G. Composing o with the inner automorphism induced by g~*, we
may assume that g = 1. Then « induces an automorphism of (vi,w;)P’/P" = Cy x Cp. By ,
there exists ¢; € P’ such that a(vi) = vit; (mod Q). Moreover, for every g € G there exists t, € P’
with

a(vg) = a(guig™) = a(g)vitia(g) ' = vygty (mod Q).

Consequently,
[Tv1,ve] =% = (01t1)” = a(v1)? = [[[v1t1, v te)’ = [[ 01, Vo)) (mod Q).
i=1 i=1 i=1

This is a relation in the linearly independent generators [v1,v,] of the elementary abelian group P’.
Notice that a(z;) # 1 and n < |G| < p. Comparing exponents reveals a(x;) = x; fori =1,...,n. Since
G = (x1,...,x,), a induces the identity automorphism on G. O]

How does the group P in the proof above relate to Heineken—Liebeck’s construction? Recall that
Frucht’s theorem states that every finite group G is the automorphism group of some finite graph G.
Frucht’s graph is based on the Cayley color graph C, which depends on a generating set x1,..., %y
of G. More precisely, the vertex set of C is {vy : ¢ € G} and there is an arrow vy — vy, of color ¢ if
and only if h = gx;. Our proof of rests on the elementary fact that the color-preserving
automorphism group of C is isomorphic to G. The purpose of the group @ is to enforce automorphisms
to permute the generators of P.

Proof of Pettet’s theorem. The implications (1)=-(2) and (1)=(3) are obvious. Conversely, if « fulfills
(2) or (3), then « extends/lifts to the group G constructed in [Theorem 4 The theorem implies that o

is Inner. O

If G is solvable, the proof above shows that (2) and (3) of Pettet’s theorem can be restricted to solvable
extension groups G.

3 Realizing outer automorphisms

We start by proving [6, Lemma 2|. Let n € N and p > n be a prime. Let Cj, x Cp_1 be the holomorph
of Cp, i.e. Cp_1 acts faithfully on Cp. Let S,, be the symmetric group of degree n.

Lemma 5. We have Out((Cp x Cp—1)") = S,,.

Proof. The argument is similar as for the group (Cy x Cp)™ in the proof of [Theorem 4] although the
statement requires the factor p — 1. Let P = (z1,...,z,) = C} and Q = (y1,...,yn) = Cp 4 such
that each y; induces an automorphism of (x;) of order p — 1 and centralizes x; for j # i. It is obvious
that every permutation 7 € S,, induces an automorphism a, of G := P x ) by permuting the factors
(x5, y:). If m # id, then a; is not inner, because it acts non-trivially on the abelian quotient G/P = Q.
Hence, S,, induces a subgroup of Out(G).



Conversely, let a € Aut(G) be arbitrary. Then a normalizes the normal Sylow p-subgroup P of G. By
the Schur—Zassenhaus theorem, we can further assume that a(Q) = Q. Since

Caa(z))| = Cala)| = p"(p—1)" ",

there exists some m € S, with a(x;) € (#r(;)) for i = 1,...,n. By composing a with o', we may

assume that 7 = id. A similar argument yields a(y;) € (y;). By applied to (z;) x (y;), we
have a(y;) = ;. Since Aut((x;)) = (y;), the action of o on (z;) is induced by conjugation with some

power of y;. Composing a with the corresponding inner automorphism, gives a(x;) = x; (this will not
affect the action of o on (z;,y;) for j # i). Doing this for ¢ = 1,...,n, leads to o = id. O

Let I be the free group in the free generators z1,...,x,. Let FP = (2P : & € F)¥' < F be the normal
closure of the set of all p-powers in F. Then F := F/FP? is the free group of rank n and exponent p.

We will identify z; with its image in F. Define the lower central series by Fm := F and
FPY PP = e,y iz € F, y e FIY)

for k > 1 as usual. We call F,. := F/F[CH} the free group of rank n, exponent p and nilpotency class ¢
(we will see in that the class of F; cannot be smaller than c). The adjective “free” is justified
by the following universal property: If G is a nilpotent group of exponent p and class < ¢, and if
Y1,---,Yn € G, then there exists a (unique) homomorphism F. — G, x; — y; fori = 1,...,n. We will
use this principle frequently in order to verify certain commutator relations in F..

It is easy to show that F[k] /F[kH] is generated by the cosets of the k-fold commutators [z;,, ..., x;,]

where 1 <iy,... ik < n (see [I5, Hilfssatz I11.1.11]). It follows that Ik /FMH} is a finite elementary
abelian p-group. In particular, F'. is a finite group. The following lemma is certainly known, but I was
unable to find a proper reference.

Lemma 6. For every finite group G of exponent p and k € N, the map
®y, : (G/GNF — GGl
(glle o ang/) = [gla s agk]G[k—i—l}

is well-defined and multilinear over Fy, i.e. for 1 <i <k, he G and h' € G,
[glﬂ s 7giflvgihhlvg’i+17 v 7gk] = [917 o agk][glv v 7ha o 7gk‘} (mOd G[k+1])

Proof. If we interpret [z1] as x1, then ®; becomes the identity map. Now let & > 2. Recall that
(Gl Gl1) < G+ by 15, Hauptsatz 111.2.11]. A direct computation shows [zy, 2] = [z, , 2][y, 2] [z, 2]
and [z, zy] = [zy, 2] 7! = [2,2][2,y][x,y, 2] ! for every x,y,2 € G. If i = 1, we put z := [go,...,gk] €
G~ and obtain

[ hH 9o, gi] = [onh, I 2], lguh. 2] = [grh, 2] = [g1, b 2], 2], 2
= [917 Z][hv Z] = [917 v 7gk][h,g2, R aglc] (mod G[k+1]>

It remains to consider the component ¢ > 2. Let z := [gi+1, ..., gr]. By induction on k, we derive
[925 s agihh/a Yo agk] = [92’ < Giy Z”QQ? R h) Z] (mOd G[k})
and
lg1,-- . g:hb .. g1) = lg1,- -+, 9, 2]g1,-- -, hy 2] (mod GUHH). O



The following result resembles [6l Lemma 5]E|

Lemma 7. Letn >3, 1€ S,_1 and 0 < a < p—1 such that

a —=ln+1
[xlv' : .,ZEnfl,IIfl] = [xﬂ(l)’ . '7x7r(n—1)7m7r(1)] (HlOd F[ i ]) (31)

Then m =id and a = 1.

Proof. By the universal property, it suffices to prove the claim for any elements 1, ..., x,_1 of a group
P with exponent p and nilpotency class < n. Let P < GL(n+1,p) be the group of upper unitriangular
matrices. For z € P we have

P —1=(x—-1P=(@—-1)"z-1)P " 1=0

since p > n. Hence, P has exponent p. For i < j, let E;; € P be the unitriangular matrix with 1 on
position (i, 7) and zero elsewhere off the diagonal. A direct calculation shows that

Ok —0;
[Eij, B = Ejf*E; ), (3.2)

where d;,0; = 0 since ¢ < j and k < [. An induction shows that PUW is generated by the matrices E;;
with [j —i| > k. In particular, Pl = (B} ,,11) = C, and P"*1 =1 (see [I5, Satz I11.16.3]). So P has
indeed nilpotency class n . We define x1 := E12E, 41 and z; := F; ;11 for i = 2,...,n — 1. Then the
right hand side of is

[m r . ] . [.1‘1, ey p—92, Enflmﬁ,l] = ...= [1‘1, E27n+1] = El,n+1 lf n Z 4,
1, o) —1,41] — _ _ .
" (21, Eos B3] = [E12F34, B24)[E12F34, E13] ™! = Fiy if n = 3.

Suppose first that (1) # 1. Then x1 appears only once in ¢ := [T(1), - - -, Tr(n—1), Tr(1)]- By [Lemma 6}

¢ = c1co (mod F[n+1])7 where ¢; and ¢y are n-fold commutators in the elements E; ;1. Both ¢; contain

Tr(1) twice, so they muss miss some Fj ;1. But now each ¢; lives inside a direct product of the form
0
Q= {<%1 Qg) tQ1 < GL(r,p), @2 <GL(n+1— hp)}.

Since @ has nilpotency class < n, we derive the contradiction ¢ = ¢jeca =1 (mod F[nﬂ}).

Therefore, 7(1) = 1. Now [2(,_1),%1] # 1 implies w(n — 1) € {2,n — 1} by (3.2). Assume first that
m(n—1) = n—1. Then [ (,_2), Tn—1,T1] = [Tr(n—2)s En—1n+1] # 1 implies 7(n—2) = n—2. Inductively,
one obtains 7 = id, ¢ = Ej 541 and a = 1 in this case. Now suppose that 7(n — 1) = 2 and without
loss of generality, n > 4. Here we use a different realization of F,, inside P. More precisely, we reassign
xj = FE9F3 ... Ey_1p fori=1,...,n —2 and 2,1 := Ep n41. Then clearly, c = [..., [z1,21]] = L.
On the other hand, the right hand side of becomes

[x:l? [ 7$n—1’x1] - [x17 [ 7$17En—1,n+1]71 ... = [$17E2,n+1]71 - El_,TlL+1'

Contradiction. O

LSince the proof of [6 Lemma 5] takes place in the non-nilpotent Lie algebra gl it is not clear to me that the obtained
result can actually be used to prove the main theorem.



We have duplicated z; in the commutator in to avoid relations of the form

[%, ..., %, 2,9 = [*,...,%y,2]"1 (mod F[nJr”).

To prove Cornulier’s theorem, let G = {g1,...,9n} be a finite group of order n. We construct a finite
group H with Out(H) = G. Since Out(1) = 1 and Out(C3) = Co, we may assume that n > 3 (as in
. We identify the generators z; of F with z,, and define

n+1 —n
N := <[$h917"')xhgn717xh91] h€G> [+] FH

Since F[n]/F[nH] < Z(F,), it follows that N < F. Let P := F/N = Fn/(N/F[nJr ). Notice that P

has exponent p and nilpotency class < n. Moreover, P/P' = F/F Jl= C,. Again we will identify the z;
with their images in P.

S5 _
Let IF; = ((). For 1 <i < n, the map z; — a:§ ’ can be extended to an automorphism ¢; of F. By

Gi([Tgss- s 25,)) = [ai(@yy), o oai(@,)] = sy, (mod B

for some v € Z. In particular, ¢;(IN) = N and ¢; extends to an automorphism of P. Moreover, the group
Q= (q1,---,qn) < Aut(P) is isomorphic to C_ 1 Finally, we define H := P x (). As usual, we regard

P and @ as subgroups of H. Then qiachi_1 = :nj ' for 1 <i,j < n. Note that H/P' = (Cp,xCp_q)".

The following result implies Cornulier’s theorem.
Theorem 8. With the notation above, Out(H) = G.

Proof. For h € G, the map x; — xpg, (i =1,...,n) can be extended to an automorphism ay, of F. By
the definition of N, we have aj(N) = N. Therefore, we consider ay, as an automorphism of P. There
is a similar automorphism 85, € Aut(Q) with £1,(¢;) = qng,, where g; is identified with g,,. Since
_ dij o1 _ _
an(gizig;t) = an(z))S” = f;clg th]-xth-thlj = Bu(g;)on(xi)Bulg;) ",
the actions are compatible. This gives rise to a regular action « : G — Aut(H). Since g # 1 acts
non-trivially on H/P = @, a(G) NInn(H) = 1. Thus, it suffices to show that Aut(H) = o(G) Inn(H).

To this end, let v € Aut(H) be arbitrary. Then « normalizes the normal Sylow p-subgroup P and
P'. By we may assume that vy permutes the factors of H/P’. So there exists a permutation
T € Sy such that v(¢;) = ¢r) (mod P') and y(z;) = 2 (mod P') for i = 1,...,n. This implies

[xw(l)y < Tr(n—1); wﬂ'(l)] = 7([x17 <oy In—1, 1‘1]) = ’7(1) =1
by | This yields an equation inside N/F 1],
a —=n+1
() Trine1)s Ta()] = [] #rgrs - Thgo 1 g, 1™ (mod F)
heG

for some 0 < ap, < p — 1. By the universal property, this equation remains true when we set Tnn) = L.
For the unique h € G' with g, = x(,) we deduce

a n+1
[Tr(1) s Ta(n—1)s Tu(1)] = [Thgrs -+ Thgn_1> The,|*"  (mod I })



By Tr(s) = Thg, fori=1,...,n—1. Therefore, after composing v with a(h)™!, we may assume

that m = 1. Since | P’| is coprime to |Q| and (Q) < P'Q, there exists a y € P’ with v(Q) = yQy~! by
the Schur—Zassenhaus theorem. Since conjugation with y does not affect H/P', we may assume that
7(Q) = Q. In particular, 7 centralizes Q.

Each quotient P! /P[k‘H] has a basis (as an elementary abelian group) consisting of some k-fold
commutators in the z;. By concatenation we obtain a basis c¢q,...,cs of XZZI P[k]/ Pl For ¢ €

PFN PFHI we have qjciqj_l = cgl (mod P¥+1) by [Lemma 6| where [ is the multiplicity of z; as a
component of ¢;. Clearly, ] <k—1<n—1< p—1. Hence, ¢! =1 (mod p) can only hold if I = 0. This
shows that g; centralizes ¢; if and only if x; does not appear in ¢;. Since the ¢; form a basis, it follows
that Cp(qj) = (x; : i # j). On the other hand, qjy(mi)qjl = v(qjxiqjl) = vy(x;) for j # i shows that

i) € [ Crlg) = ().
J#
Since we already know that v(z;) = z; (mod P’), we conclude y(x;) = x; for i = 1,...,n and v = id,
as desired. 0

In order to estimate |H| in terms of n, we consider the free nilpotent Lie algebra L over Q of rank n

and class n. By Witt’s formula,
. =1 k/d
dim L = Z Z Z,u(d)n ,
k=1 dlk

where g is the Mobius function. This number grows roughly as n"~! (see [2, Lemma 20.7]). Notice that
F, ® L is the corresponding free nilpotent Lie algebra over F,,. Since p > n, the Lazard correspondence
turns F, ® L into I, (see [I7, Example 10.24]). In particular, |F,| = p@™~. Moreover, an application

of [Lemma 7| reveals that ]N/F[nﬂ]] =p" ~ (p—1)" =|Q|. Altogether, the order of magnitude of |H|
is p"" (the estimate n™ in [6] is unjustified).

As a concrete example, consider G = C3. Here we can take p = 5. Then |F3| = 5, |P| = 5! and

|H| = 2651, Cornulier’s construction yields a group of order 2652, as he remarked at the end of [6].

One may ask if the group H can also be used to prove Pettet’s theorem. This does not seem to be
easy, since it is not clear whether every automorphism of H x G normalizes H. Conversely, the group

N in has outer automorphisms, which do not come from G.
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