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Abstract

We give elementary proofs of the following two theorems on automorphisms of a finite group G: (1)
An automorphism of G is inner if and only if it extends to an automorphism of every finite group
containing G. (2) There exists a finite group, whose outer automorphism group is isomorphic to G.
The first theorem was proved by Pettet using a graph-theoretical construction of Heineken–Liebeck.
A Lie-theoretical proof of the second theorem was sketched by Cornulier in a MathOverflow post.
Our proofs are purely group-theoretical.
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1 Introduction

An automorphism α of a group G is called inner if there exists some g ∈ G such that α(x) = gxg−1

for all x ∈ G. If G is a subgroup of a group H, it is clear that g still induces an (inner) automorphism
of H. In 1987, Schupp [27] has shown conversely that inner automorphisms are characterized by this
property, i. e. if α ∈ Aut(G) extends to every group containing G, then α is inner. According to [8],
this has answered a question of Macintyre. The question was asked again much later by Bergman [1, p.
93], who obtained a partial answer in the language of category theory. Using free products and small
cancellation theory, Schupp constructs for a non-inner α ∈ Aut(G) an infinite group H such that α
does not extend to H (if G is countable, the construction is already contained in Miller–Schupp [23]).
One may asks whether inner automorphisms of finite groups G are characterized by the property that
they extend to all finite groups containing G.

The first step in this direction was a paper from 1974 of Heineken–Liebeck [13], who constructed a
finite p-group P such that the image of the canonical map Aut(P ) → Aut(P/Z(P )) is isomorphic to G.
Their construction relies on a variation of Frucht’s theorem on the automorphism group of graphs, and
requires a treatment of special cases. Using more advanced graph theoretical theorems, Lawton [20]
came up with a shorter proof. Subsequently, Webb [28] has refined the construction (again at the cost of
more graph theory) to obtain a special p-group P (that means P ′ = Z(P ) = Φ(P ) is elementary abelian)
with the desired property (see also Hughes [14]). Only after Schupp’s paper, Pettet [24] noticed in 1989
that this result implies Schupp’s theorem for finite groups (and more restricted families of groups).
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In the same paper, he also obtained the dual statement for factor groups (see the theorem below).
Eventually, Pettet [25] gave a new proof of Schupp’s original theorem with the same graph theoretical
approach. An alternative construction of P was established by Bryant–Kovács [4] in 1978 making use
of Lie theory (see also Huppert–Blackburn [16, Theorem VIII.13.5] and Hartley–Robinson [12]).

The first objective of this paper is to provide a new elementary proof of the following theorem, which
avoids small cancellation theory, graph theory and Lie theory.

Theorem (Pettet). For every automorphism α of a finite group G the following statements are
equivalent:

(1) α is an inner automorphism.

(2) α extends to every finite group containing G.

(3) α lifts to every finite group Ĝ such that Ĝ/N ∼= G for some characteristic subgroup N ≤ Ĝ.

The strategy is to replace the p-group P in [13] by a semidirect product N = Q ⋊ P , where Q is an
elementary abelian q-group and P is a p-group of nilpotency class 2. In contrast to the papers cited
above, we do not make an effort to minimize N .

Our second objective concerns the inverse problem on automorphism groups. By a theorem of Leder-
mann–Neumann [21], there exist only finitely many finite groups with a given automorphism group (for
an elementary proof see [26]). However, not every group actually occurs as an automorphism group.
For instance, it is a popular (and easy) exercise that a non-trivial cyclic group of odd order cannot be
an automorphism group. The situation changes if we instead consider the outer automorphism group
Out(H) := Aut(H)/ Inn(H) of groups H. Indeed, Matumoto [22] proved that for every group G there
exists a group H such that Out(H) ∼= G (for finite G this was established earlier by Kojima [19]).
Similar to Schupp’s paper, the construction of H is based on an HNN-extension and yields infinite
groups. In later work, it was shown that H can be chosen to be locally finite, finitely generated (if G
is countable), metabelian or simple (see [3, 5, 11, 7]). Problem 16.59 in the Kourovka Notebook [18]
has asked if H can be chosen finite when G is finite. This was answered in 2020 by Cornulier on
MathOverflow [6].

Theorem (Cornulier). Every finite group is the outer automorphism group of some finite group.

His proof uses Lie algebras and is not easy to follow as it is written backwards. In Section 3 we present
a purely group-theoretical proof based on Cornulier’s ideas. As in Pettet’s theorem, the idea is to
construct a semidirect product P ⋊ Q, but this time Q is abelian and P is a p-group of exponent p
with a certain nilpotency class. Our group is slightly smaller compared to Cornulier’s construction.

The construction of our group has already been used by Entin–Tsang [9] to prove that every finite
group is isomorphic to the normalizer quotient of a subgroup of a symmetric group.

2 Characterizing inner automorphisms

Our first lemma is a prototype of Theorem 4.

Lemma 1. Let G be a group acting faithfully on a cyclic group N . Then every automorphism of
Ĝ := N ⋊G normalizing N , centralizes Ĝ/N .
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Proof. We identify N = ⟨x⟩ and G with the natural subgroups of Ĝ. Let α ∈ Aut(Ĝ) normalizing N .
For a fixed g ∈ G there exist s, t ∈ Z with gxg−1 = xs and α(x) = xt. Hence,

gxtg−1 = xst = α(x)s = α(xs) = α(gxg−1) = α(g)xtα(g)−1.

Since G acts faithfully on N = ⟨xt⟩, we obtain α(g) ≡ g (mod N) as desired.

In the following we develop some elementary facts of finitely presented groups. For elements x1, x2, . . .
of a group G we define commutators by [x1, x2] = x1x2x

−1
1 x−1

2 and [x1, . . . , xk] := [x1, [x2, . . . , xk]] for
k ≥ 3. The commutator subgroup of G is denoted by G′.

Lemma 2. Let p be a prime and a, b ∈ Z. Then

P := ⟨x, y | [x, x, y] = [y, x, y] = 1, xp = [x, y]a, yp = [x, y]b⟩

is a non-abelian group of order p3.

Proof. The commutator relations show that P has nilpotency class ≤ 2, i. e. P ′ ≤ Z(P ). Hence,
[x, y]p = [xp, y] = 1 and |P ′| ≤ p (see [15, Hilfssatz III.1.3]). It follows that |P | ≤ p3. To complete the
proof, we construct a group of order p3 realizing the given relations. Suppose first that p = 2. If ab is
even, then P ∼= D8 and otherwise P ∼= Q8. Thus, let p > 2. If a ≡ b ≡ 0 (mod p), then the extraspecial
group of exponent p fulfills the relations as is well-known. Now let p ∤ a and a′ ∈ Z such that aa′ ≡ −b
(mod p). For y′ := xa

′
y we compute

(y′)p = xpa
′
yp[y, xa

′
](

p
2) = xpa

′
yp = [x, y]aa

′+b = 1

and [x, y′] = [x, y] by [15, Hilfssatz III.1.3]. Hence, replacing y by y′ leads to b = 0. This remains true
when we replace y by y−a. Then xp = [x, y]−1 = [y, x] and

P ∼= ⟨x, y | xp2 = yp = 1, yxy−1 = x1+p⟩ ∼= Cp2 ⋊ Cp.

Lemma 3. Let F be the free group in the free generators x1, . . . , xn. Let c1, . . . , cn ∈ F ′. For a prime
p, let P be the group generated by x1, . . . , xn subject to the relations xpi = ci and [xi, xj , xk] = 1 for all
1 ≤ i, j, k ≤ n. Then P/P ′ is an elementary abelian p-group with basis {xiP ′ : i = 1, . . . , n} and P ′ is
an elementary abelian p-group with basis {[xi, xj ] : 1 ≤ i < j ≤ n}. In particular, |P | = p(

n+1
2 ).

Proof. It follows from xpi = ci ∈ P ′ that P/P ′ is an elementary abelian p-group generated by {xiP ′ :

i = 1, . . . , n}. Since [xi, xj , xk] = 1 for all i, j, k, P has nilpotency class ≤ 2. Hence, [xy, z] = [x, z][y, z]
and [x, yz] = [x, y][x, z] for all x, y, z ∈ P (see [15, Hilfssatz III.1.2]). In particular, [xi, xj ]p = [xpi , xj ] =
[ci, xj ] = 1. This shows that P ′ is an elementary abelian p-group generated by {[xi, xj ] : 1 ≤ i < j ≤ n}.

Suppose that x :=
∏

i<j [xi, xj ]
aij = 1 for some integers 0 ≤ aij ≤ p− 1. We fix i < j and consider the

free group F2 generated by yi and yj . Let φ : F → F2 be the homomorphism defined by

φ(xk) =

{
yk if k ∈ {i, j},
1 otherwise

for k = 1, . . . , n. Set

P2 := ⟨yi, yj | [yi, yi, yj ] = [yj , yi, yj ] = 1, ypi = φ(ci), y
p
j = φ(cj)⟩.
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As elements of P2, φ(ci) and φ(cj) are (possibly trivial) powers of [yi, yj ]. Thus by Lemma 2, P2 is a
non-abelian group of order p3. Since every relation of P in the xk is satisfied by a relation of P2 in the
yk, φ factors through a homomorphism φ : P → P2. It follows that [yi, yj ]

aij = φ(x) = 1 and aij = 0.
This shows that the commutators [xi, xj ] with i < j are linearly independent, so they form a basis of
P ′. Now let x :=

∏n
i=1 x

ai
i ∈ P ′ for some 0 ≤ ai ≤ p− 1. Then

1 = [x1, x] =
n∏

i=2

[x1, xi]
ai

and ai = 0 for i = 2, . . . , n. Similarly, we obtain a1 = 0. Therefore, P/P ′ has rank n as claimed. Finally,
|P | = |P ′||P/P ′| = p(

n
2)+n = p(

n+1
2 ).

Theorem 4. For every finite group G there exist primes q > p > |G| and a finite {p, q}-group N such
that every automorphism of Ĝ := N ⋊G induces an inner automorphism of Ĝ/N ∼= G.

Proof. Without loss of generality, we assume that G ̸= 1. Let p > |G| be a prime. Let x1, . . . , xn ∈ G
be a generating set of G not containing 1. Let P be the p-group with generators {vg : g ∈ G} and
relations

[vg, vh, vk] = 1, vpg =
n∏

i=1

[vg, vgxi ]
i

for all g, h, k ∈ G. By Lemma 3, P/P ′ is elementary abelian of rank |G| and P ′ is elementary abelian
with basis [vg, vh] where g < h for some fixed total order on G. For a fixed g ∈ G, the elements
{vgh : h ∈ G} fulfill the same relations as the vh. Thus, there exists an automorphism φg ∈ Aut(P )
with φg(vh) = vgh for all h ∈ G. This gives rise to a regular action φ : G→ Aut(P ), g 7→ φg.

By an elementary special case of Dirichlet’s theorem (see [10, Theorem 3.1.12]), there exists a prime q
such that p | q− 1. Let Q be the elementary abelian q-group with basis {wg : g ∈ G}. Let wg 7→ wζ

g be
an automorphism of order p of ⟨wg⟩. For g ∈ G, define γg ∈ Aut(Q) by

γg(wh) :=

{
wζ
g if h = g,

wh if h ̸= g.
(h ∈ G)

Let γ : P → Aut(Q), vg 7→ γg be the homomorphism with kernel P ′. This gives rise to the semidirect
product N := Q ⋊ P with Z(N) = P ′. As usual, we identify P and Q with the natural subgroups of
N . Then vgwhv

−1
g = γg(wh) for all g, h ∈ G. Again, we have a regular action ψ : G→ Aut(Q), g 7→ ψg

with ψg(wh) = wgh. Moreover, φ and ψ are compatible in the sense that

φg(vh)ψg(wk)φg(vh)
−1 = vghwgkv

−1
gh = γgh(wgk) = ψg(γh(wk)) = ψg(vhwkv

−1
h )

for all g, h, k ∈ G. In this way, G acts faithfully on N . As before, we identify G and N with subgroups
of Ĝ := N ⋊G. Then gvhg−1 = vgh and gwhg

−1 = wgh for g, h ∈ G.

Now let α ∈ Aut(Ĝ). Since q > p > |G|, α normalizes the normal Sylow q-subgroup Q, the normal Hall
subgroup N , and in turn Z(N) = P ′. By the Schur–Zassenhaus theorem, there exists some y ∈ N such
that α(G) = yGy−1 (we do not require the Feit–Thompson theorem, because N is solvable). Since y
centralizes Ĝ/N , we may compose α with the inner automorphism induced by y−1. Then α normalizes
G. Next, we consider the action of α on

N/P ′ ∼=×
g∈G

⟨wg, vg⟩ ∼= (Cq ⋊ Cp)
|G|.
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It follows from
|CN/P ′(α(v1)P

′)| = |CN/P ′(v1P
′)| = p|G|q|G|−1

that α(v1) ∈ ⟨vg, wg⟩P ′ for some g ∈ G. Composing α with the inner automorphism induced by g−1, we
may assume that g = 1. Then α induces an automorphism of ⟨v1, w1⟩P ′/P ′ ∼= Cq ⋊ Cp. By Lemma 1,
there exists t1 ∈ P ′ such that α(v1) ≡ v1t1 (mod Q). Moreover, for every g ∈ G there exists tg ∈ P ′

with
α(vg) = α(gv1g

−1) ≡ α(g)v1t1α(g)
−1 ≡ vα(g)tg (mod Q).

Consequently,

n∏
i=1

[v1, vxi ]
i = vp1 = (v1t1)

p ≡ α(v1)
p ≡

n∏
i=1

[v1t1, vα(xi)txi ]
i ≡

n∏
i=1

[v1, vα(xi)]
i (mod Q).

This is a relation in the linearly independent generators [v1, vg] of the elementary abelian group P ′.
Notice that α(xi) ̸= 1 and n < |G| < p. Comparing exponents reveals α(xi) = xi for i = 1, . . . , n. Since
G = ⟨x1, . . . , xn⟩, α induces the identity automorphism on G.

How does the group P in the proof above relate to Heineken–Liebeck’s construction? Recall that
Frucht’s theorem states that every finite group G is the automorphism group of some finite graph G.
Frucht’s graph is based on the Cayley color graph C, which depends on a generating set x1, . . . , xn
of G. More precisely, the vertex set of C is {vg : g ∈ G} and there is an arrow vg → vh of color i if
and only if h = gxi. Our proof of Theorem 4 rests on the elementary fact that the color-preserving
automorphism group of C is isomorphic to G. The purpose of the group Q is to enforce automorphisms
to permute the generators of P .

Proof of Pettet’s theorem. The implications (1)⇒(2) and (1)⇒(3) are obvious. Conversely, if α fulfills
(2) or (3), then α extends/lifts to the group Ĝ constructed in Theorem 4. The theorem implies that α
is inner.

If G is solvable, the proof above shows that (2) and (3) of Pettet’s theorem can be restricted to solvable
extension groups Ĝ.

3 Realizing outer automorphisms

We start by proving [6, Lemma 2]. Let n ∈ N and p > n be a prime. Let Cp ⋊Cp−1 be the holomorph
of Cp, i. e. Cp−1 acts faithfully on Cp. Let Sn be the symmetric group of degree n.

Lemma 5. We have Out((Cp ⋊ Cp−1)
n) ∼= Sn.

Proof. The argument is similar as for the group (Cq ⋊ Cp)
n in the proof of Theorem 4, although the

statement requires the factor p − 1. Let P = ⟨x1, . . . , xn⟩ ∼= Cn
p and Q := ⟨y1, . . . , yn⟩ ∼= Cn

p−1 such
that each yi induces an automorphism of ⟨xi⟩ of order p− 1 and centralizes xj for j ̸= i. It is obvious
that every permutation π ∈ Sn induces an automorphism απ of G := P ⋊Q by permuting the factors
⟨xi, yi⟩. If π ̸= id, then απ is not inner, because it acts non-trivially on the abelian quotient G/P ∼= Q.
Hence, Sn induces a subgroup of Out(G).
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Conversely, let α ∈ Aut(G) be arbitrary. Then α normalizes the normal Sylow p-subgroup P of G. By
the Schur–Zassenhaus theorem, we can further assume that α(Q) = Q. Since

|CG(α(xi))| = |CG(xi)| = pn(p− 1)n−1,

there exists some π ∈ Sn with α(xi) ∈ ⟨xπ(i)⟩ for i = 1, . . . , n. By composing α with α−1
π , we may

assume that π = id. A similar argument yields α(yi) ∈ ⟨yi⟩. By Lemma 1 applied to ⟨xi⟩ ⋊ ⟨yi⟩, we
have α(yi) = yi. Since Aut(⟨xi⟩) ∼= ⟨yi⟩, the action of α on ⟨xi⟩ is induced by conjugation with some
power of yi. Composing α with the corresponding inner automorphism, gives α(xi) = xi (this will not
affect the action of α on ⟨xj , yj⟩ for j ̸= i). Doing this for i = 1, . . . , n, leads to α = id.

Let F be the free group in the free generators x1, . . . , xn. Let F p = ⟨xp : x ∈ F ⟩F ⊴ F be the normal
closure of the set of all p-powers in F . Then F := F/F p is the free group of rank n and exponent p.
We will identify xi with its image in F . Define the lower central series by F [1]

:= F and

F
[k+1]

:= [F , F
[k]
] = ⟨[x, y] : x ∈ F , y ∈ F

[k]⟩

for k ≥ 1 as usual. We call F c := F/F
[c+1] the free group of rank n, exponent p and nilpotency class c

(we will see in Lemma 7 that the class of F c cannot be smaller than c). The adjective “free” is justified
by the following universal property: If G is a nilpotent group of exponent p and class ≤ c, and if
y1, . . . , yn ∈ G, then there exists a (unique) homomorphism F c → G, xi 7→ yi for i = 1, . . . , n. We will
use this principle frequently in order to verify certain commutator relations in F c.

It is easy to show that F [k]
/F

[k+1] is generated by the cosets of the k-fold commutators [xi1 , . . . , xik ]

where 1 ≤ i1, . . . , ik ≤ n (see [15, Hilfssatz III.1.11]). It follows that F [k]
/F

[k+1] is a finite elementary
abelian p-group. In particular, F c is a finite group. The following lemma is certainly known, but I was
unable to find a proper reference.

Lemma 6. For every finite group G of exponent p and k ∈ N, the map

Φk : (G/G′)k → G/G[k+1],

(g1G
′, . . . , gkG

′) 7→ [g1, . . . , gk]G
[k+1]

is well-defined and multilinear over Fp, i.e. for 1 ≤ i ≤ k, h ∈ G and h′ ∈ G′,

[g1, . . . , gi−1, gihh
′, gi+1, . . . , gk] ≡ [g1, . . . , gk][g1, . . . , h, . . . , gk] (mod G[k+1]).

Proof. If we interpret [x1] as x1, then Φ1 becomes the identity map. Now let k ≥ 2. Recall that
[G[s], G[t]] ≤ G[s+t] by [15, Hauptsatz III.2.11]. A direct computation shows [xy, z] = [x, y, z][y, z][x, z]
and [z, xy] = [xy, z]−1 = [z, x][z, y][x, y, z]−1 for every x, y, z ∈ G. If i = 1, we put z := [g2, . . . , gk] ∈
G[k−1] and obtain

[g1hh
′, g2, . . . , gk] = [g1h, h

′, z][h′, z][g1h, z] ≡ [g1h, z] ≡ [g1, h, z][h, z][g1, z]

≡ [g1, z][h, z] ≡ [g1, . . . , gk][h, g2, . . . , gk] (mod G[k+1]).

It remains to consider the component i ≥ 2. Let z := [gi+1, . . . , gk]. By induction on k, we derive

[g2, . . . , gihh
′, , . . . , gk] ≡ [g2, . . . , gi, z][g2, . . . , h, z] (mod G[k])

and
[g1, . . . , gihh

′, . . . , gk] ≡ [g1, . . . , gi, z][g1, . . . , h, z] (mod G[k+1]).
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The following result resembles [6, Lemma 5].1

Lemma 7. Let n ≥ 3, π ∈ Sn−1 and 0 ≤ a ≤ p− 1 such that

[x1, . . . , xn−1, x1] ≡ [xπ(1), . . . , xπ(n−1), xπ(1)]
a (mod F

[n+1]
). (3.1)

Then π = id and a = 1.

Proof. By the universal property, it suffices to prove the claim for any elements x1, . . . , xn−1 of a group
P with exponent p and nilpotency class ≤ n. Let P ≤ GL(n+1, p) be the group of upper unitriangular
matrices. For x ∈ P we have

xp − 1 = (x− 1)p = (x− 1)n+1(x− 1)p−n−1 = 0

since p > n. Hence, P has exponent p. For i < j, let Eij ∈ P be the unitriangular matrix with 1 on
position (i, j) and zero elsewhere off the diagonal. A direct calculation shows that

[Eij , Ekl] = E
δjk
il E−δil

kj , (3.2)

where δjkδil = 0 since i < j and k < l. An induction shows that P [k] is generated by the matrices Eij

with |j − i| ≥ k. In particular, P [n] = ⟨E1,n+1⟩ ∼= Cp and P [n+1] = 1 (see [15, Satz III.16.3]). So P has
indeed nilpotency class n . We define x1 := E12En,n+1 and xi := Ei,i+1 for i = 2, . . . , n− 1. Then the
right hand side of (3.1) is

[x1, . . . , xn−1, x1] =

{
[x1, . . . , xn−2, En−1,n+1] = . . . = [x1, E2,n+1] = E1,n+1 if n ≥ 4,

[x1, E24E
−1
13 ] = [E12E34, E24][E12E34, E13]

−1 = E14 if n = 3.

Suppose first that π(1) ̸= 1. Then x1 appears only once in c := [xπ(1), . . . , xπ(n−1), xπ(1)]. By Lemma 6,

c ≡ c1c2 (mod F
[n+1]

), where c1 and c2 are n-fold commutators in the elements Ei,i+1. Both ci contain
xπ(1) twice, so they muss miss some Er,r+1. But now each ci lives inside a direct product of the form

Q :=

{(
Q1 0
0 Q2

)
: Q1 ≤ GL(r, p), Q2 ≤ GL(n+ 1− r, p)

}
.

Since Q has nilpotency class < n, we derive the contradiction c ≡ c1c2 ≡ 1 (mod F
[n+1]

).

Therefore, π(1) = 1. Now [xπ(n−1), x1] ̸= 1 implies π(n − 1) ∈ {2, n − 1} by (3.2). Assume first that
π(n−1) = n−1. Then [xπ(n−2), xn−1, x1] = [xπ(n−2), En−1,n+1] ̸= 1 implies π(n−2) = n−2. Inductively,
one obtains π = id, c = E1,n+1 and a = 1 in this case. Now suppose that π(n − 1) = 2 and without
loss of generality, n ≥ 4. Here we use a different realization of Fn inside P . More precisely, we reassign
xi := E12E23 . . . En−1,n for i = 1, . . . , n − 2 and xn−1 := En,n+1. Then clearly, c = [. . . , [x1, x1]] = 1.
On the other hand, the right hand side of (3.1) becomes

[x1, . . . , xn−1, x1] = [x1, . . . , x1, En−1,n+1]
−1 = . . . = [x1, E2,n+1]

−1 = E−1
1,n+1.

Contradiction.

1Since the proof of [6, Lemma 5] takes place in the non-nilpotent Lie algebra gln, it is not clear to me that the obtained
result can actually be used to prove the main theorem.
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We have duplicated x1 in the commutator in Lemma 7 to avoid relations of the form

[∗, . . . , ∗, x, y] ≡ [∗, . . . , ∗, y, x]−1 (mod F
[n+1]

).

To prove Cornulier’s theorem, let G = {g1, . . . , gn} be a finite group of order n. We construct a finite
group H with Out(H) ∼= G. Since Out(1) = 1 and Out(C3) ∼= C2, we may assume that n ≥ 3 (as in
Lemma 7). We identify the generators xi of F with xgi and define

N := ⟨[xhg1 , . . . , xhgn−1 , xhg1 ] : h ∈ G⟩F [n+1] ≤ F
[n]
.

Since F [n]
/F

[n+1] ≤ Z(Fn), it follows that N ⊴ F . Let P := F/N ∼= Fn/(N/F
[n+1]

). Notice that P
has exponent p and nilpotency class ≤ n. Moreover, P/P ′ ∼= F/F

′ ∼= Cn
p . Again we will identify the xi

with their images in P .

Let F×
p = ⟨ζ⟩. For 1 ≤ i ≤ n, the map xj 7→ xζ

δij

j can be extended to an automorphism qi of F . By
Lemma 6,

qi([xj1 , . . . , xjn ]) = [qi(xj1), . . . , qi(xjn)] ≡ [xj1 , . . . , xjn ]
γ (mod F

[n+1]
)

for some γ ∈ Z. In particular, qi(N) = N and qi extends to an automorphism of P . Moreover, the group
Q := ⟨q1, . . . , qn⟩ ≤ Aut(P ) is isomorphic to Cn

p−1. Finally, we define H := P ⋊Q. As usual, we regard

P and Q as subgroups of H. Then qixjq−1
i = xζ

δij

j for 1 ≤ i, j ≤ n. Note that H/P ′ ∼= (Cp⋊Cp−1)
n.

The following result implies Cornulier’s theorem.

Theorem 8. With the notation above, Out(H) ∼= G.

Proof. For h ∈ G, the map xi 7→ xhgi (i = 1, . . . , n) can be extended to an automorphism αh of F . By
the definition of N , we have αh(N) = N . Therefore, we consider αh as an automorphism of P . There
is a similar automorphism βh ∈ Aut(Q) with βh(qi) = qhgi , where qi is identified with qgi . Since

αh(qixjq
−1
i ) = αh(xj)

ζδij = xζ
δij

hgj
= qhgjxhgiq

−1
hgj

= βh(qj)αh(xi)βh(qj)
−1,

the actions are compatible. This gives rise to a regular action α : G → Aut(H). Since g ̸= 1 acts
non-trivially on H/P ∼= Q, α(G)∩ Inn(H) = 1. Thus, it suffices to show that Aut(H) = α(G) Inn(H).

To this end, let γ ∈ Aut(H) be arbitrary. Then γ normalizes the normal Sylow p-subgroup P and
P ′. By Lemma 5, we may assume that γ permutes the factors of H/P ′. So there exists a permutation
π ∈ Sn such that γ(qi) = qπ(i) (mod P ′) and γ(xi) ≡ xπ(i) (mod P ′) for i = 1, . . . , n. This implies

[xπ(1), . . . , xπ(n−1), xπ(1)] = γ([x1, . . . , xn−1, x1]) = γ(1) = 1

by Lemma 6. This yields an equation inside N/F [n+1]:

[xπ(1), . . . , xπ(n−1), xπ(1)] ≡
∏
h∈G

[xhg1 , . . . , xhgn−1 , xhg1 ]
ah (mod F

[n+1]
)

for some 0 ≤ ah ≤ p− 1. By the universal property, this equation remains true when we set xπ(n) = 1.
For the unique h ∈ G with xhgn = xπ(n) we deduce

[xπ(1), . . . , xπ(n−1), xπ(1)] ≡ [xhg1 , . . . , xhgn−1 , xhg1 ]
ah (mod F

[n+1]
).
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By Lemma 7, xπ(i) = xhgi for i = 1, . . . , n−1. Therefore, after composing γ with α(h)−1, we may assume
that π = 1. Since |P ′| is coprime to |Q| and γ(Q) ≤ P ′Q, there exists a y ∈ P ′ with γ(Q) = yQy−1 by
the Schur–Zassenhaus theorem. Since conjugation with y does not affect H/P ′, we may assume that
γ(Q) = Q. In particular, γ centralizes Q.

Each quotient P [k]/P [k+1] has a basis (as an elementary abelian group) consisting of some k-fold
commutators in the xi. By concatenation we obtain a basis c1, . . . , cs of×n

k=1 P
[k]/P [k+1]. For ci ∈

P [k] \ P [k+1], we have qjciq−1
j ≡ cζ

l

i (mod P [k+1]) by Lemma 6, where l is the multiplicity of xj as a
component of ci. Clearly, l ≤ k− 1 ≤ n− 1 < p− 1. Hence, ζ l ≡ 1 (mod p) can only hold if l = 0. This
shows that qj centralizes ci if and only if xj does not appear in ci. Since the ci form a basis, it follows
that CP (qj) = ⟨xi : i ̸= j⟩. On the other hand, qjγ(xi)q−1

j = γ(qjxiq
−1
j ) = γ(xi) for j ̸= i shows that

γ(xi) ∈
⋂
j ̸=i

CP (qj) = ⟨xi⟩.

Since we already know that γ(xi) ≡ xi (mod P ′), we conclude γ(xi) = xi for i = 1, . . . , n and γ = id,
as desired.

In order to estimate |H| in terms of n, we consider the free nilpotent Lie algebra L over Q of rank n
and class n. By Witt’s formula,

dimL =

n∑
k=1

1

k

∑
d|k

µ(d)nk/d,

where µ is the Möbius function. This number grows roughly as nn−1 (see [2, Lemma 20.7]). Notice that
Fp⊗L is the corresponding free nilpotent Lie algebra over Fp. Since p > n, the Lazard correspondence
turns Fp ⊗ L into Fn (see [17, Example 10.24]). In particular, |Fn| = pdimL. Moreover, an application
of Lemma 7 reveals that |N/F [n+1]| = pn ∼ (p− 1)n = |Q|. Altogether, the order of magnitude of |H|
is pnn−1 (the estimate nn in [6] is unjustified).

As a concrete example, consider G ∼= C3. Here we can take p = 5. Then |F 3| = 514, |P | = 511 and
|H| = 26511. Cornulier’s construction yields a group of order 26529, as he remarked at the end of [6].

One may ask if the group H can also be used to prove Pettet’s theorem. This does not seem to be
easy, since it is not clear whether every automorphism of H ⋊G normalizes H. Conversely, the group
N in Theorem 4 has outer automorphisms, which do not come from G.
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